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Finite quantum theory of fields and strings.
1. Consistent quantization in the Stueckelberg-Feynman treatment

Zahid Zakir?
Abstract

In standard quantum field theory, where free quanta have only positive energy, the antiparticle
operators were introduced “manually” and this led to the diverging zero-point energy, which meant
the inconsistency of the theory. In the Stueckelberg-Feynman (SF) treatment the positive-energy
antiparticles are described as the negative energy particles going backward in time and here some
Lagrangians do not lead to the zero-point energy. But earlier it was believed that this treatment leads
to a negative norm of states and therefore is also inconsistent. In the paper a consecutive method of
canonical quantization of fields and strings in the SF treatment is formulated, where a correct choice
of the action function makes the norm of states positive and the choice of a minimal Lagrangian
makes it free from the zero-point energy. The symmetric chronological product of operators is
introduced, turning into ordinary chronological at forward and antichronological at backward in time
evolution. This leads to the causal SF propagator and to the standard diagram technique for
interacting fields. String theories containing the zero-point energy of modes are inconsistent, since
regularization is impossible at Planck distances due to the inevitable presence of gravity. At
quantization of strings in SF treatment, there are models without zero-point energy, which are
therefore finite and only consistent, but they do not have a conformal anomaly and critical
dimension. The effects attributed to the zero-point energy (Lamb shift, Casimir effect) are explained
across the contributions of the fields of real sources and confirm the lack of zero-point vacuum
energy. This partly solves the cosmological constant problem. From the SF treatment one can turn
to the antiparticle picture by means of the charge conjugation or crossing symmetries. The main
consequences of the proposed consistent method of quantization of fields and strings are discussed.
Keywords: methods of quantization, quantum field theory, zero-point energy, cosmological constant,
antiparticles, composite models, Casimir effect, chronological ordering, propagators, string theory, conformal
anomaly, higher dimensions

Content
INEFOTUCTION ...ttt r et e e r e r e 2
1. Quantization of two signs of energy systems in the SF treatment .............cccccocvevvvieinenen. 4
1.1. The SF treatment of two signs of energy StatesS........ccccvevveciiiieviesie e 4
1.2. Oscillators with real-valued coordinates have the zero-point energy .........cccccceeevereenne. 6
1.3.  Oscillators with complex coordinates without zero-point ENergy.........ccccvceveererenereneas 8
2. Quantization of fields in SF treatment without zero-point eNergy.........ccccoeevevereneerennnn 9
2.1. Real-valued scalar field with zero-point Nergy ..........cccoeererernienensree e 9
2.2. Complex scalar and Vector fields.........cooiii e 10
2.3. PROLON FIEIG. ...t 12
24. FErmion fIElU .......oooiii s 13
2.5. Gauge fields and gravitoNnS..... ..o e 15
2.6. Scalar fields leading to the spontaneous symmetry breaking ...........cccccocvvveeieiencieniens 15
3. Commutators of fields, propagators, microcausality and Statistics .............ccccevererenncne 16
3.1. Commutators and causal correlators for the coordinate of oscillator .......................... 16
3.2 The inconsistency of the former standard treatment of microcausality ............cc.ccc.c.... 18
3.3. The inconsistency of the former proof of the spin and statistics theorem..................... 19

! Revised February 8, 2021.
2 Center for Theoretical Physics and Astrophysics, Tashkent Uzbekistan, zzakir@qgph.uz ORCID

1


http://qgph.uz/
http://dx.doi.org/10.9751/QGPH.1-001.7128
mailto:zahidzakir@theor-phys.org
http://ctpa.theor-phys.org/
https://orcid.org/0000-0001-5417-4661

2 Zakir, Z. (2020) Quantum and Gravitational Physics, 1:001-7128

3.4. Commutators and causal propagators of fields ..o, 20
3.5. The consistency of the treatment of microcausality in the new method ............ccccooveeee. 20
3.6. Interacting fields and diagram teChNIQUE .........cccvviveieiieieie e 21
4.  The consistent transition from the SF treatment to the antiparticles ............cccocovvnnne. 21
4.1. Transition to the antiparticles by means of charge conjugation symmetry.................... 22
4.2. Transition to antiparticles by using crossing SYMmetry.........ccoeoeevrereineneinenecesens 22
5. On the consequences of the lack of zero-point energy of fields............cccovneiiiicncn, 24
5.1. The experiments confirmed the lack of the zero-point energy of fields.............cccccceeee. 24
5.2. Partial solution of the cosmological constant problem............c.ccoecieniininiiincne, 25
5.3. Supersymmetry does not solve the zero-point energy problem ...........cccccoveveiieiennnnenn, 26
6. Finite quantum theory of strings in the SF treatment.........c.ccccocvivie v 26
6.1. Inconsistency of the string theories with zero-point eNergy.......ccccceeveveeveieveneseeeenenn, 26
6.2. Consistent quantization of strings without zero-point energy and anomalies................ 27
LO0] 3 To] [V 11 [0} o F TSP TSP PSPPSR 29
AAPPEINAICES. ...ttt et b bbb bbb bbbt bbbttt 30
A. Oscillator with two signs of energy in quantum mMechanics...........cocvevviererienereennes 30
B. Zero-point energy as a source of anomalies and critical dimensions of strings............ 31
] (=] 1oL S SRR 33

Introduction

At the first attempts to formulate the relativistic quantum theory, it became clear that
the states of both signs of energy enter it on the same basis. For this reason, Dirac proposed
the idea of treating the negative energy quanta as some method of describing the positive-
energy antiparticles [1]. This idea was then confirmed at discovering the positron and other
antiparticles. The presence of antiparticles made the theory of many-particle one and even
a field theory, and, as a result, the quantum theory of relativistic systems became quantum
field theory (QFT).

But the negative energy states led to two serious problems, each of which made the
theory inconsistent. The first one is the continuous fall of particles into these states. The
hypothesis of a filled vacuum and holes in it, as a realization of the Dirac’s idea, solved
this problem for fermions [1], but crashed in the case of bosons [2]. The second was the
problem of negative probabilities, since conventional quantization led to a negative norm
for such states [3].

Therefore, in order for QFT to be a consistent physical theory, these problems must
be solved. But they seemed unsolvable, and therefore a compromise formulation, operating
only with particles and antiparticles of positive energy, was accepted as a standard one.
Unfortunately, this led to a new problem with even more catastrophic consequences. It
turned out that a plausible ansatz, replacing the operators of negative-energy particles with
operators of antiparticles, generates the zero-point energy, even when the formulation with
negative energies did not contain it. The standard formulation of QFT, thus, predicted the
diverging zero-point energy, making this theory essentially inconsistent.

A formal avoidance of this problem by ignoring the divergent part of the vacuum
energy (by the “normal ordering” recipe) does not save the theory, since the inclusion of
gravity is inevitable at small distances with high energy fluctuations. Particularly this leads
to the cosmological constant problem (more precisely, catastrophe). Numerous attempts to
exclude the zero-point energy by means of various hypotheses were unsuccessful, and not
only due to the lack of an experimental basis, but mainly due to creating even more
problems, as a rule, even more hopeless.

For this reason, there have been many attempts to return to the initial picture with
the particles of both signs of energy, somehow solving the old problems with negative
energies. Unfortunately, inconsistencies in these attempts led to unrealistic hypotheses for
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overcoming their undesirable consequences, which inspired the impression of unrealism
for the whole direction of searches.

The character of these inconsistencies was mathematical and/or physical. The main
mathematical problem was the negative norm of the negative energy states. The origin of
this problem was found and eliminated by Pavsic¢ in 1998 [4]. He started with a two-sign
Lagrangian and corresponding Hamiltonian, and showed that in this case the norms of all
states remain positive. But in [4], as in many other attempts, there was inconsistency in the
physical treatment of the negative energy states.

At the same time, a consistent physical treatment of such states was already
discovered in the 1940s. by Stueckelberg and Feynman (SF) [5,6]. In the SF treatment the
negative energy particles formally evolve backward in time only and describe the positive
energy antiparticles evolving forward in time only. Then the transition of ordinary particles
to the negative energy states corresponds to the annihilation of a positive energy particle-
antiparticle pair.

In the paper it is presented a new method of consistent quantization of systems with
states of both signs of energy, in which the generality of the canonical formalism of QFT
is joined with the advantages of the SF treatment. At beginning the formalism is similar to
[4] and, therefore, all states have a positive norm, but the negative energy states are treated
according SF. It is also important that the property of states of different signs of energy to
evolve in the opposite directions of time is taken into account starting with the action
function. All this partially changes the formalism of the theory and, since some of
Lagrangians do not lead to the zero-point energy, finally makes QFT a mathematically
correct and physically consistent theory.

One of the changes in formalism is the introduction of a time-symmetric
chronological products of operators, which gives the ordinary chronological products in
the forward [7] and anti-chronological ones in the backward in time evolution. They lead
to the SF causal propagator and the standard diagram technique for interacting fields.

Theories of relativistic strings in former treatments contained the diverging zero-
point energy of ground states, and therefore they were also inconsistent since at small
distances regularization is impossible due to the inevitable presence of gravity at Planck
distances. Moreover, the zero-point energies led to the anomaly and central charge, and
their cancellation condition gave a critical dimension [8]. In the new quantization method,
a minimal Lagrangian does not lead to the zero-point energy and the string theory becomes
consistent and simple, but it no longer has a conformal anomaly and critical dimension.

It will be shown also that a number of observable effects, such as the Lamb shift and
the Casimir effect, attributed to the zero-point fluctuations [9,10], are in fact fully explained
by the contributions of the fields of real sources - the loop corrections and the Van der
Waals forces. The zero-point fluctuations of the vacuum did not appear in any experiment,
since their results would almost double. Thus, their absence, following from the new
quantization method, is confirmed by the existing experiments.

All this shows that the new consecutive quantization method leads to a finite and
consistent quantum theory of free fields and strings. Two methods of transition from the
SF treatment to the antiparticle picture are also presented, the first based on the charge
conjugation (C) symmetry and the second using the crossing symmetry.

In Section 1 the new quantization method is describes in the case of harmonic
oscillators having two signs of energy states. In Sections 2 and 3, the method is applied to
relativistic fields and the causal propagators are constructed. In Section 4 two methods of
transition to the picture of antiparticles is presented, and in Section 5 some consequences
of the lack of the zero-point energy for quantum fields and strings are discussed. In Section
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6 a consistent string theory without zero-point energy is formulated. In the Appendices the
oscillator with two signs of energy in quantum mechanics is described and the zero-point
energy as a source of anomalies and critical dimensions in the string theory is discussed.

1. Quantization of two signs of energy systems in the SF treatment

1.1. The SF treatment of two signs of energy states

The description of evolution in time of a physical system from the initial moment t,
to the final moment t; begins with the construction of an action function S, defined as the
time integral from the Lagrange function L :

4
S = Ldt, €

)
In this case, it was usually assumed that evolution goes forward in time only and therefore
the final moment is in the future with respect to t,, i.e. t, > t,. This is how a system of the

positive energy particles and antiparticles, having the Lagrangians L, (q,,d,) and
L..(q,,,q,,) respectively, is described. Here, L, is expressed in terms of generalized
coordinates and velocities of the particles g, ,q, ,and L, of variables of the antiparticles
0,.,0,. - Evolution here goes forward in time only, i.e. from the present moment t, to the
future moment t; and therefore the direction of integration in the expression for the action
function S should be fixed by means a step function &(t, —t,):

§ = 0t ~t,) [ L, dt+ 0(t, ~t) ] L . @
fo fo

In the relativistic theory, however, the introduction of two types of objects, particles
and antiparticles, is not necessary, since it is possible to deal with one type of object only,
for example, with particles, which is much more convenient. Antiparticles formally behave
like the same particles, but with negative energy and going backward in time and this
property lies on the basis of the SF treatment [5,6]. This treatment appears as a natural and
very convenient in particle physics.

The SF treatment considers the evolution of one type of objects in both directions of
time and the final moment may be in the past too, i.e. t, <t,. In this more general case, the
integral in (1) will be the sum of two terms, where in the first integration goes from the
present moment t, to the future t, >t,, and in the second to the past t, <t,.

In contrast to the initial and subsequent formulations of the SF treatment, in this
paper the main idea of this treatment will be implemented already starting with the action
function, i.e. constructing a correct expression for it as a time integral from the Lagrangian.

To do this, in (2) in the second integral t, we will present as t, =t, + At, where
At >0, and we perform the following operations, leaving the action function unchanged:

a) rearrange the limits of integration, changing the sign of the integral;

b) using translational symmetry, shift both limits of the integral down to At by
subtracting At;
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c) introduce the Lagrangian of the negative energy particles L_(g_,q_), equating it
to the opposite sign Lagrangian of antiparticles ie. L(q,9)=-L,.(q,,.,4,,):

to+AL to—At ty—At

TLHdt— I L, dt——f L,.dt= j (-Ldt= [ Lt ®)
o

ty+At t

d) make similar changes in the step functlon at the second integral in (2) and re-
denote t, =1, —At:

Ot —15) = Ot + At—t,) = 6[t, — (t, — A > O(t, - t,) 4)

As a result, the action function (2) takes the form required by the SF treatment:

S =6t — t)det+9(t —t)det (5)

Since t, <t, in the second term of Eq. (5), the time mtegratlon essentially goes in the

opposite direction, from the present t, to the past t; .

Notice, that the choice of particles is conditional, since we could do the opposite
choice, expressing everything in terms of antiparticles, by assuming that the particles are
the negative energy antiparticles going backward in time, and (2) would turn to:

S=6(t,-t,) j L, dt+6(t, —t,) j L, dt. (6)
f )

The main requirement for the SF treatment is the mutually opposite direction of the
time evolution of states with different signs of energy. For a free relativistic particle, having
also has an antiparticle, the classical action function takes the form:

t 4
=-0(t, —to)mczjdtafl—vf /¢? +0(t, —tl)mcz‘fdtafl—vf /c?. 7)
& t

The Hamilton-Jacobi equation for S =S, +S_ has the form:
oS,

(8)

72 aL+ mv, _ &dr,
+

= V, = .
1v/c - \/1v/c T Hdt

Notice that, in 0,S the time derivative 0,0(t —t,) gives the J -function o(t—t;), but it

is multiplied to the integral disappearing at t =t, .

For a correct understanding and application of the SF treatment, the following facts
are important, which are usually not clearly explained in the literature.

1) The SF treatment does not mean that the negative energy particles really exist, but
on the contrary, that they do not exist in nature, but there are the positive energy
antiparticles, which at described in terms of particles are formally represented as the
negative energy states. The worldline of a negative energy particle directed backward in
time is only a way of describing the worldline of a positive energy antiparticle directed
forward in time.

2) If the theory is formulated in terms of particles of both signs of energy with right
choice of the time evolution direction according the SF treatment, then the observables of
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this theory are directly connected with experimental data and there is no need to reformulate
it in terms of antiparticles. It is enough to know the fact that the initial state of the negative-

energy particle with —p , represents the final state of antiparticle with +p , and vice versa.

3) The SF treatment lies on the basis of particle physics and, in particular, the
crossing symmetry follows from it, sufficiently simplifying the description of the set of
interrelating in this sense processes. By this symmetry, the end of the line in the Feynman
diagram in the upper light cone, describing a particle, can be transferred to the lower light

cone with a change in the sign of the 4-momentum p, — —p,,, and then this line, formally

describing a particle going backward in time, will in fact describe the positive energy
antiparticle going forward in time

4) If we still want to turn to the picture of antiparticles in the matrix elements, then
for this it is enough to perform carefully the crossing transformation of these matrix
elements by making the required Hermitian conjugations of the products of operators with
permutation of the initial and final states.

5) The SF treatment concerns both quantum and classical theory, and not only
relativistic systems, but nonrelativistic ones too, if they contain antiparticles. The
nonrelativistic positron may be described as a nonrelativistic electron of negative energy,
going backward in time, by modifying formalisms of mechanics and quantum mechanics.

1.2. Oscillators with real-valued coordinates have the zero-point energy

Consider a harmonic oscillator with two types of coordinates corresponding to the
states of two signs of energy. In the SF treatment this model describes a system of particle
and antiparticle in a harmonic potential.

The action function of such oscillator is given by (5), where the Lagrangians now
have the form (X =dx /dt):

L, :%(Xf—a)zxf), L :—%(Xf—a)zxf), (10)
which was studied in [4]. This gives the expressions for canonical momenta:
p+—6L—m>'(, :i:—mx. (12)

Sk, P-= % -
Notice that the momentum of a negative energy state contains a minus sign and further this
makes the commutators of the ladder operators positive, which means that both the norm

of states and the corresponding probabilities will be positive.
Hamiltonians for two modes take the form:

H, = p.x —L =2 [p? + (o), (12
2m
H =px -L = —i[pf +(mw)*X7]. (13)
2m
Corresponding canonical equations:
b, =— oH, _ -me’x,, p_ = LS (14)
OX, OX_

after substituting (11), give the similar equations of motion for both modes:
X, +a’x, =0, X +a’x =0, (15)
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Their solutions are also similar and differ only by a sign on ot :

X, = ./zin ‘(Eﬂt+e“‘”t + a:ei”t)’ = \/% (a*em * aﬁe‘"“), (16)
9] [4]

B —imw (a+efiwt _a:eiwt)’ D = —ime (a_e“"t _ aﬁe’i“’t)- a7

P. = \N2mo - \J2mew

At quantization, the commutation relations:

[x.,p.]=i, [x,p]=i, (18)
lead to the commutators for ladder operators, nonzero of which are:
[a,a]]=1 [a,a]=1. (19)

The ground state average of the commutators (19) gives the norm for the first excited state,
which is positive for quanta of both signs of energy:

(O|[a.,a;]|0) = (0Ja.a|0) = (L. |1,) = 1. (20)

In the previous formulations of the SF treatment, where the Lagrangian L_ was

positive definite, the commutator [a_,a ]=—1 had a negative sign and this led to the
negative norm (1 |1.)=—1, which meant the inconsistency of such a theory. In the
developing in this paper formulation, L_ is negative-definite and, therefore, both the

commutator and the norm are positive: [a_,a’]=1, (1 |1 )=1.
The ground states for both modes are defined similarly:

a+|0>:0, a_|0>:0. (21)
This gives similar equations for the ground states v/, :
1 0
maX, + — |y,, =0, 22
\/Zma)( B 6x+}//0 (22)
accordingly, solutions are similar also and both are normalized to unity:
1/4 o
Vor = [@j exp(_@xija J. W§+dx+ =1 (23)
+ i 5 Tt PR
Hamiltonians (12)-(13) and their eigenvalues then take the form:
H, = Q(aia+ +a,a)= a)[a:a+ +1j E.=o|n, +1 , (24)
2 2 2
H = —g(afa_ +aa)= —a)(aia_ + %) E_= —a)(n_ + %) (25)

where n, =0,1,2... are the eigenvalues of the number operators N, =a.a, .

If one would returns to the picture of antiparticles with the action function (2), then
instead of (25) one would get the Hamiltonian for antiquanta as an analog of (24):

=2, a0 -0(aa.+ 1) B -ofn+3) @)
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The zero-point energies of the quanta and antiquanta are positive and, by added together,
give the total energy of the ground-state two times larger than for the quanta only:

+1), E =ow(n, +n,, +1). (27)

The transition to the SF picture with the negative energy particles does not change
the action function, and at substituting (25) into (5) taking into account (13), the zero-point
energies of both modes also summing up and double the ground state energy. This occurs
because the integrands can be summed only for the same integration limits, i.e. after
rearranging the limits and thereby changing the sign of the second integral in (5), which
compensates the sign in (25). Thus, the theory is internally self-consistent, since both
pictures, with antiquanta or with negative-energy quanta, give the same result that the zero-
point energy of antiquanta doubles the ground state energy.

Thus, the theory of a harmonic oscillator, expanded by including the negative-energy
states, is self-consistent and coincides with the SF treatment, where the signs of energy and
directions of particle evolution are the same.

*

H = HJr + Ha+ = a)(a+a+ + aa+aa+ n+.an+

1.3. Oscillators with complex coordinates without zero-point energy

Let’s the harmonic oscillators with two signs on energy states be described by
complex coordinates d,,d; . In the action function of such oscillators (5) we choose the
Lagrangians of two types of states in the form:

L, =+m(d.6, — ©’0.q,). (28)

The canonical momenta and the Hamiltonian then take the form:
p.=E —img, pl=t —imq., (29)

e, T A T
H, =p.4. +¢.p, - L, == =(p.p. +M*0’q.0,). (30)

The minus signs in momenta p_, pf make positive both the commutators of the
ladder operators and the norms of states. The equations of motion:

G, +@’q, =0, G +@’q, =0 (31)
lead to the frequency decompositions of coordinates:
1

d=Q,+Q = o
* * * 1 *

= —+ = R [ —

9=9+9 \2mo f: \2mo

Here @, in contrast to (16), includes an operator a_ instead of a: , since otherwise it would

(a+e—i(ut + a_eia)t), qi — a+e$i(ot’

(32)

* tiot

a,e”,

(ae* +a’e™),

not be complex, whereas a: enters into the expression for (. Momenta have the form:

p=p,+p = Ime (@e*+a’e™), p, = MO gsion

T eme - ame ()
* * * _im H : * —im .
p = p+ + p7 :—w(aJre—lwt +a,e""t), pi _ [0 a e*'“’t,

2mo \2mw .

i.e. p=imwq and p* =—imw(q. The ladder operators are defined as:
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tiot . . e?iwt R .
a = maoq, +1p,), a, =——(Mawq, —1p,). 34
s W( g, +ip.), &, m( wq, —ip,) (34)
Quantization leads to the commutators:
[a.pl=i, [q.p]=i, [a,a]=1 (35)

Operators of different signs of energy commute, since they act in different space of states.
These states of both types of oscillators are determined by the action of the corresponding

ladder operators on their ground and excited states ni> cn,=012,..:

a.|0,)=0, a,/|n)=yn|n, -2, al|n)=n +1|n,+1),..  (36)

The Hamiltonians H, and the number operators N, take the form:

H=H,+H_ aj(a+a+ * aa), @7)
N=N,+N =aa +aa.
As we see, at choosing the minimum Lagrangian (28), the Hamiltonian (37) does not
contain the zero-point energy in the ground state.
The transition from the negative energy quanta to the positive energy antiquanta does
not change this conclusion. Indeed, such a transition is performed in the action function (5)
by a rearranging of the time integral limits compensating the negative sign of the
Lagrangian. Notice that the crossing symmetric transformation in the diagram describing
this process does not change a numerical value of the energy of quanta:

(0_|H_]0.)|=(0,.|H..]0,,). (38)

Thus, the theory of the complex harmonic oscillator with the minimal Lagrangian
(28), having the negative energy states, is self-consistent and coincides with the SF
treatment. It does not have the zero-point energy both in the picture of quanta of both signs
on energy, and in the picture of positive energy quanta and antiquanta.

2. Quantization of fields in SF treatment without zero-point energy
2.1. Real-valued scalar field with zero-point energy

Before proceeding to the complex fields, which may not have the zero-point energy,
as in the case of the oscillator with a complex coordinate, we consider a real-valued field,
which, like the oscillator with the real-valued coordinate, has the zero-point energy. In
particle physics this field can describe only composite particles, while in condensed states
- quasiparticles and quasi-antiparticles.

For the real-valued scalar relativistic field ¢ the action function in the SF treatment

(5) includes the Lagrangians L, for two types of field states, similar to the case of a chain
of complex oscillators:

L =+ [d[(@0.) -m'¢]. (39)
Corresponding Hamiltonian and generalized momenta of the field are:

H, =+ [d Lzt + (V4 + ], (40)
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oL

. (X)= =10,4,. (41)
o@4)
Field equations and simultaneous commutators have the form:
(0,0 —m?)p=0, (42)
[p(x,1), 7(X",1)] =i5° (X —X). (43)
Solutions of the equations lead to frequency decompositions of fields and their momenta:
¢+ = Z(ake_ikx + a;eikx)' ¢7 = Z(afkeikx + aike_ikx)v (44)
k k
7 ==y a(ae™ -ae"), 7.=-i) @ -ae™), 49
k k

where k =(@,,K), o = (kK*+m?)", and Y, =[dk[(27)"20,]"* .

Substituting (44)-(45) into (43) gives the commutators for the creation and
annihilation operators of field’s quanta of both signs on energy, nonzero of which are:

[a.a.1=[a,.a",]=5(k—k’). (46)
The energies of field’s states (40) are expressed through these operators in the form:
H, =%jd3k o (3,3, +a,a,) :Idsk ®, {a:ak +%j (47)
1 3 * * 3 * 1
H = _E-[d ko (a,a,+a,a,)= —_[d ko |a,a, +§ . (48)

The vacuum states are defined as a,|0) =0, a_,|0) =0 and the norm of all states
is positive. As for a real-valued harmonic oscillator in Section 1.2, the zero-point vacuum
energies of two types of states, particles and antiparticles, are also positive and add up.

2.2.Complex scalar and vector fields

In the case of a relativistic scalar field ¢, the energy of quanta p,, in contrast to the

nonrelativistic case, is related with the momentum Kk by the relativistic formula and a
complete set of solutions of field equations includes states of both signs of energy

Po. = *a, . Particles with p,_ in the SF treatment go backward in time and describe

antiparticles with p,, going forward in time.

For this reason, in a general case the relativistic fields are described by complex field
functions. This is true even for fields with truly neutral particles, since true neutrality in
this case means the practical indistinguishability of particles and antiparticles only.

For a complex scalar relativistic field ¢ with an action function in the SF treatment

(5), the Lagrangians for two types of field states can be chosen as minimal ones:
L, =+[d°x(0,4. - 0"p. —m*¢4.) (49)

The corresponding Hamiltonian, charge operator, and momenta are equal to:



Finite quantum theory of fields and strings. 11
1. Consistent quantization in the Stueckelberg-Feynman treatment

H, =+[d* (7.7 + V-V, +m’g4),

(50)
Q. ==i[d* (fiz. - 7.4
oL . oL
(X)) = =300, 7. (X)= =10,4,. 51
w00 Gy T gy T Y
Field equations and simultaneous field commutators have the form:
(aﬂa” -m*)¢=0, (6#8" -m?)¢ =0. (52)
[p(x,0), z(x", )] =[¢ (x, 1), 7 (X', )] =i5° (X ~X"). (53)

Solutions of field equations lead to the frequency decomposition of the field functions:

p(X)=¢,+¢ =) (ae ™" +a "), ¢ = Z a, e,

. A . (54)
¢ (X) = ¢+ +¢7 — Z(akelkx +a" Y |kx za +|kx
k
and the canonical momenta have the form:
r(X)=7, +7_ _|Za4<(ae +a,e™), 7=, _|Za)ka e,
(55)

ikx +|kx

r(X)=rx. +7 = —|ank(ake"kX +a_e"), 7z, = —|Za)ka+ke
k

Substituting (54)-(55) into (53), we obtain the commutators for the creation and
annihilation operators of field quanta of both signs on energy, nonzero of which are:
[akla:‘]=[a7kla-ik']=53(k—kl)' (56)
The energy and charge (50) are expressed through these operators in the form:

H=H,+H_ = J'dsk(a;ak —a a,)ao

Q=Q,+Q = _[d3k(a:ak +a,a,).
The annihilation operators define the vacuum for both types of particles:
a]0)=0, a,|0)=0, (58)
which, unlike the real-valued scalar field, do not contain a zero-point energy and a zero-
point charge due to the chosen minimal form of the Lagrangians (49).
Thus, the operators of observables of the complex scalar field in the SF treatment

are normal ordered, and the energy and charge of the vacuum vanish.
The complex vector field is expanded in normal modes similar to the complex scalar

field, taking into account the polarization vector gik :
A A-ik A* A1k
B,(x)= Z(akagﬂke "+ a—klg,ukel ),
kA

B;(X) = Z(a:/lgykelkx +a k/lglk e ™).
Kz

(57)

(59)

After separating the independent degrees of freedom, the equations for the free field are
linear for three polarizations and are quantized independently in the given inertial frame as
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three complex scalar fields. Therefore, the Hamiltonian and charge operator of the vector
field have the form:

H = ;J‘d % (a:lakﬂ - aikzafm) @

Q= Zj.d * (8,8 +a,8,,)
A

which also do not contain a zero-point energy and zero-point charge.
Although this result was obtained in one a reference frame, the lack of the zero-point
vacuum energy and charge does not depend on the choice of reference frame.

2.3. Photon field

(60)

Let’s consider the action function (5) of the SF treatment for electromagnetic field.
The Lagrangians for the fields AZ of both signs on energy (k° = *a, ) have the form:

__1 3 tCuv 1 3 v H
L. —+zfd x F,,F! —izfd X0, -0"A., (61)

where F/" =0"A] —0" A’ and the standard condition 0 ,A{" =0 is used.

In a plane wave the helicity A°, the time component of the divergence of the total
angular momentum A* =0,J*", is the projection of the spin S onto the direction of the
momentum: A° :S-k/|k|. At quantization, the circularly polarized waves with two
projections of helicity form the pure states of the photon field, in which the Hamiltonian
and A° are diagonal.

Let in the rest frame of photon’s source, the spatial axis x* is directed along the
photon’s momentum k =(0,0,k®) and let the gauge A, =0 is taken, leaving the

transverse physical components A, A, only. At introducing the complex field A:

AX) = (A +IA) N2, A(X)=(A-iA)/2. (62)

the photon field Lagrangian (61) takes the form exactly as for a complex scalar field and
we again take it in the “minimal” form:

L =+[d’x 9,Al-0"A,. (63)
The free Hamiltonian and the helicity operator then take the form:
H, = ijd3x(7zﬁ; +VA -VA,),
o (64)
AY =+i[d* (Al - 7,A),
where 7, (X) =+0,A;, 7, (X)=*0,A, . Photons with opposite helicity A° =1 behave

like states with opposite signs of a chiral charge, and the symmetry between photons of
opposite helicities is an analog of the charge conjugation (C) symmetry.
Field equations and the simultaneous field commutators are:

0,0"A=0, 0,0"A =0, (65)
[AX 1), 7(x', O] = [A (%, 1), 7 (X", )] = 153 (X — ). (66)
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The decomposition of the field into the normal modes gives:
AX) =Y (ae™ +a,e™), A (x)=> (ae™+a’e™), (67)
k k

() =) g (ae™ +a,e™), 7 (x)=-> aae™+a ). (68)
k k

Here a,,, a,, are the creation-annihilation operators of photons of the positive helicity
Ai =+1, the commutators for which follow from (66) and nonzero of which are:
[akla:‘]=[a7kla-ik']=53(k—kl)' (69)
The Hamiltonian and helicity (64), at inserting (67)-(68), take the form:
H=H, +H_ = J'd3k(a:ak —a'a o,

0 0 0 3 * * (70)
A=A +A’ = '[d k(aa +a,a,).

The annihilation operators determine the vacuum: a,|0)=0, a_|0)=0, which

does not contain the zero-point energy, the helicity of the vacuum is also vanishes. Due to
the invariance of the vacuum properties, the fact of vanishing of the vacuum energy in one
a reference frame and in one a gauge, is valid for all reference frames and all gauges.

The described quantization procedure for the photon field in the source’s rest frame
can be generalized to arbitrary inertial frames and may be presented in the Lorentz
covariant form, preserving the axial symmetry of the system, by introducing the tetrads:

A=¢e'A, A=¢e/A, eg‘Aﬂ =efA, =0, (71)

A(X) = %(e{‘ +ief)A, =efA , A'(x) = %(e{‘ —iej)A, =e“A . (72)
Thus, the photon field, which has two transverse physical components (0, A , A,,0) in the
source’s rest frame, after the Lorentz transformation to other frames, in a general case has
all four components Aﬂ =ei,A1+eflAz. The longitudinal component appears due to a
different orientation of the spatial coordinate axes, and the time component - due to the
Lorentz transformations of the projections (A , A,) on the direction of motion of the new
inertial frame. Photon propagators will include covariant expressions:

e el A(AX)A'(AX) =€) A, (AX) A (AX) = A, (X) A (X). (73)

uv

Since the tetrad vectors (ei'ei) are constant kinematic factors, they only introduce

kinematic corrections to the quantization procedure and do not change physical results, in
particular, do not generate a zero-point energy.

2.4. Fermion field

In relativistic theory, the fermion field of spin 1/2 is described by the Dirac spinors
v, and in the covariant formulation has two energy signs states. In the action function
(5), the Lagrangians of these states have the form:

L= Ja*{ 317 @) - @ w1 -miw | (74)
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In contrast to the boson case, there is no need to insert the minus sign into L_, since the
appearance of the negative eigenvalues of the Hamiltonian in the future is contained
initially in the construction of spinors @ _,7_ and matrices y*.

The role of the canonical momentum is played by the conjugated spinor:

= oL _ iy, (75)
o(0)
The Hamiltonian and the charge operator take the form:
i + + +
H =2 Jd%Dy @) -@w Wl Q=[dyy. (76)
The corresponding Dirac equations and their solutions are:
yﬂia‘ul// - ml// = O’ (77)

p(x) =y, +y_= m\ﬁz(bpaugeilpx + b—pavgelpx),
ap
- | (78)
e (X) =y +yt =my2) (b, uste™ + b7 vete ™),
ap

. . s Qo Qo' _ 2 2\V2
where the normalization is: uy‘uy =v;"ve =5““E_ /m and E = (p~+m?)™ . Here,
a positive energy state is described by the spinor u , and a negative energy one by Vv,, .

In order for quanta to be fermions, i.e. satisfy the Fermi-Dirac statistics, the
corresponding creation-annihilation operators, and hence the field operators, must be anti-
commuting. As a result, when the field operators in the commutators are rearranged, their
product changes the sign and the commutator turns to the anti-commutator. Therefore, the
field operators are quantized through the simultaneous anticommutators:

{w (.0, 77 (x', )} =i5°(x —x") 5, (79)
which, taking into account (75), gives:
v (0,07 (x', 1)} = 85 (x—x") 5" (80)

Substitution (78) gives the anticommutators for the creation-annihilation operators:
{0, 5o 05y } = P (K=K)S, s (BB} = {bEp, 05,0, =0 (81)

tp'a'
As a result, the Hamiltonian and the charge operator from (76) take the form:

H :ZJ.dSp(b;abpa_bjpab—pa)Ep’ (82)
Q=) I d®p(o;,b,, +b.0 ). (83)

In this case, the mean vacuum values of the charge and the current operator vanish:
(0lQ()[0)=0,  (0]j(x)[0) =0. (84)

Thus, at quantization of the fermion field with the Lagrangians (74), the observables
are normal ordered, and there is no zero-point energy and zero-point charge.
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2.5. Gauge fields and gravitons

As shown in the Section 2.3, quantization of the electromagnetic field in the new
method led to a theory without zero-point vacuum energy. The non-Abelian vector gauge

fields A; (spin 1) are similar to the photon field in the free field case and the same result

can be expected for them too. The quantization of such gauge fields and the graviton field
(spin 2) in the weak-field approximation reduces to quantization of two transverse physical
states of vector or tensor fields. All these fields, as massless, have axial symmetry, and at
circular polarization the free Hamiltonian and helicity are diagonal.

Therefore, the above described quantization of the photon field is applicable in this
case too, and taking into account the nonlinearity and internal symmetries of the fields does
not change the main conclusion about the vanishing of vacuum energy. Indeed, nonlinear
contributions are proportional to the coupling constant g both in terms of self-interaction

in the field strength and in covariant derivatives. Therefore, if we consider weak fields with
a coupling constant g <1, then these terms can be neglected and the non-Abelian gauge

fields can be quantized as sets of independent photon-like fields.
In the case of gravitons, the effective coupling constant is weak up to the Planch

length |, where the gravitational radius of particles is compared with their wavelength,

which leads to a strong redshift of the frequencies. A rapid decreasing of the frequencies at
distances of order Ig due to gravitational freezing of the proper times for external

observers, leads to the decreasing the effects of nonlinearity (see the second paper [11]).

Since the vanishing of the vacuum energy of free fields follows from the presence of
states of two signs on energy of the relativistic fields, the interaction of quanta does not
change this result. All contributions to the vacuum energy density from the interactions
will be proportional to the coupling constants and disappear in the weak field limit, while
the vacuum energy of the free field does not depend on this factor.

The conclusion that at quantization of the non-Abelian fields and the graviton field
in one a reference frame, in the transverse gauge and in the weak-coupling approximation,
the zero-point vacuum energy does not arise, remains valid for all reference frames and for
all gauges due to the gauge and Lorentz invariance of the vacuum.

2.6. Scalar fields leading to the spontaneous symmetry breaking

In the case of systems with vacuum condensates, as well as with strong non-
perturbative effects and topologically non-trivial solutions, the contributions to the vacuum
energy of the fields can have significant deviations, and they will be discussed further.
Nevertheless, the above conclusions from the theory of free fields generally are retained
even with these changes. In particular, those contributions that change the vacuum energy
to a finite value are not related to the zero-point energy, which diverges by definition.

One such example is the change in the vacuum energy at spontaneous symmetry
breaking in the Standard Model. Here, the self-interaction of the doublet of the complex
scalar fields leads to the formation of a vacuum condensate, due to the interaction with
which masses of particles appear, including some quanta of gauge fields.

However, from the initial doublet, in addition to this condensate, one scalar field
remains only, the scalar boson of which is even detected. Such a field in the general case
should have the zero-point energy, however, as will be shown below, in this particular case
this is not so and it does not have the zero-point energy.

Let’s consider spontaneous symmetry breaking in a system with one complex scalar
field and an abelian gauge field:
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R R AL R TRV R LR S
where D, =0,. —ieA., F,,=0,.A.—0,A,. . Writing the complex scalars as:
.00 =4. ("™, g(x)=ge ", (86)
we choose 6, ' so that ;/;'i arereal, i.e. &i = ¢Z (strokes omitted):
£.00 =4 (9™, g(x) = h.()e™". (®7)

We exclude the phase 6, from (85) by a gauge transformation

A=A+ e'o 0., and separate from the scalar field ¢, asmall deviation from 7 :

3.9 =%[m + 2.(0] (88)

Despite y, being a real-valued scalar field, it is not truly neutral, since it retains a
trace about that it was one of the two components of a complex field. Explicitly, its
frequency decomposition is given not as for a truly neutral field y ~ y, f + ;(: f*, butas

in the case of a charged field y ~ y, f + y_f . Therefore, such a scalar remainder of the
complex field also does not contain a zero-point energy.

Notice, that the particles and antiparticles of such a scalar field in ordinary
interactions are indistinguishable, but at CP violation they can lead to observable effects.
3. Commutators of fields, propagators, microcausality and statistics

3.1. Commutators and causal correlators for the coordinate of oscillator

The commutators for the coordinates of the complex oscillator follow from (32):

[0, (1,0 ()] = ——[a,,a ™) = _1_grot-0, (89)
2Mmw 2Mw
[a.(t), 0. ()] =[0:(t"), a: (t)]=0. (90)

The commutator (89) in the general case t'#t is complex and becomes real-valued only
for equal times. Moreover, complex conjugate coordinates do not commute even at the

equal times [q,(t),q.(t)]=1/2mm. As a result of this fact, the order of complex
conjugate operators in their products is essential and qiq; #* q;qi. The sum of two type

coordinates q =0, +q_and q =g, +q_ also does not commute:

[0 (0] = = ([a,,a']e ¢ + [a_,a ] ) =——cos[w(t'-t)]. (91)
2mw ma
The causal correlator of coordinates for two moments of time should describe the
fact that the positive energy quanta evolve only forward, and the negative energy ones only
backward in time. Such a correlator can be constructed if the usual chronological product
of operators is generalized to the systems with quanta evolving in different directions of
time.
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The usual operator of the chronological product of operators [7], which we denote
as T, , acts only on the operators of positive energy states. It is not symmetrical in time and
arranges the operators in increasing order of the time argument from right to left:

A (t,)B, (1), t,>t,
T.[A(t)B,(t)]= { ’ i (92)
B.()A L), t,<t.
The operator T_, inverseto T, , acting only on the negative energy states, we define as the

operator ordering the operators in the opposite case - it arranges the operators in decreasing
order of the time argument from right to left:

B A ;L ,
TIA (4)B.(1)] ={ AE?))B((B ) ZE )

Their generalization, the symmetric operator of chronological ordering T , we define
as a product of these two operators T, and T_, which will have, for this reason, the
following properties:

T=TT, TA=TA, TA=TA. (94)

+0 %
It acts selectively on the states of both signs of energy, ordering them in a mutually inverse
order, for example, at t, > t;:

TIA (£)B. (LA (4)B (L)]=T,[A (t,)B. ()] T [A (1)B (1)] =
= A (t)B.(t)- B (t)A (t,)

Under the symmetrical chronological product, the operators can be reordered arbitrarily
and this does not change the final result.

Causal correlators for the coordinates of a complex oscillator are defined as the
matrix elements over the ground state from the symmetrical chronological products at two

moments of time (O[T [q(t,)q"(t,)]|0) and (O|T[q"(t,)a(t,)]|0). At t, >, they are:
(0T [a(t,)a"(t)1]0) = (O[T, [, (t,)a (t)1[0) +(O|T_[a_(t,)a (t)1]0) =

(95)

— (0]a. ()0 (1)]0)-+ (016" ()a.()]0) = (0], () 1)]0). >
(0] T[a" (t,)a(t)1[0) = (0| T.[a; (t,)a, (t.)1|0) + (0| T_[q"(t,)q (1,)]|0) = o
=(0]q:(t,)a, (1)[0) +(0]q_(t)a’(t,)[0) = (O] a_(t)a(t,) |0).
In the general case, we have:
(O[T Latt ) )1]0) = (0]’ ) )[0) = {Egmmglgi N
Thus, the causal correlator is determined through the symmetrical operator T as:
(O[T [att,)a"(t)1]0) = (O[T [a"(t.)a(t,)1[0) =
= 6(t, —1,)(0]a. (t,)a (t,)[0) + 6(t, - t,) (0]a_(t,)a(t,)[0) = (99)

1 —io(t'- io(t'-
:—me(e(tz—tl)e 04 0(t, -t,)e" ).
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3.2. The inconsistency of the former standard treatment of microcausality

The former standard formulation of the QFT was based on the microcausality
condition used in the classical theory of relativistic fields. Based on the absence of
superluminal signals, it was argued that field measurements at a point X do not affect
measurements at a point beyond the light cone .

In quantum mechanics, this meant the simultaneous measurability of field variables
at these points, which was expressed in the requirement that the field operators commute
(or anticommute). The commutators of bosonic fields should therefore be odd functions of
the time interval disappearing behind the light cone, and this property was considered as
an expression of microcausality and locality in the QFT [9,10].

The commutator of the complex scalar field disappeared behind the light cone due

to the replacement [a,_,a,._1=[b..,b...]1=-[b,..,b;,] providing the desired minus sign:
[¢(X I) ’ ¢* (X)] = Zei(kIXLkX) ([ak+ ! a:I+]e—i(fUl<-t'—ﬁJKt) - [kar ! bl:+:|ei@< =0 ):
k,k'

o (100)
= 2} e sin[a, (t'-t)]= -ID(x'- X),
k

where D(x'=x) =0 is the Pauli-Jordan function vanishing at (x'—x)*>0. This was

considered as an evidence of the strict fulfillment in QFT of the classical microcausality
condition and was widely used in various applications.

At the same time, the causal propagator for field quanta, i.e. the vacuum average
from chronological products, did not disappear behind the light cone:

(O|T.[4(x )¢ (x)]]0) =

=Y [O(t-t)e ™0 + ot —t)e 0 " =iD (x'- x), (101)
k

where D (x'—=X)#0 at (x'—x)>>0. This meant that in QFT superluminal quantum

movements take place at least at the scales of the Compton length of quanta. This is not
surprising, since in this region the single-particle approximation is no longer applicable,
and in a multi-particle system, where virtual pairs are present, such movements are
effectively realized.

But if the propagator provides superlight signals (although in a soft form, that is, in
a small neighborhood), then the initial position of classical causality about the complete
absence of such signals is no longer valid. Namely, the measurement at a point X can affect

the measurement at a point x' even (X'— x)* >0 by means of virtual quanta carried by a

causal propagator (101).

Thus, in the standard treatment of the QFT, on the one hand, there are superluminal
signals carried by a causal propagator, and on the other hand, without paying any attention
to this new circumstance, the complete absence of such signals in field measurements was
required, stating on an already obsolete analogy with the classical theory. This means that
in the treatment of microcausality, the theory appeared as internally contradicting even in
the case of scalar fields.

In the case of fermion fields, the anti-commutator, having the form:

{l//(xl), 1/7(X)} _ z[(/p n m)e—iEp(t'—t)eip(x'—x) i (/IZ{ _ m)eiEp(t'—t)e—ip(x'—X)], (102)
p

can be represented through the Pauli-Jordan function:
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. (), 7.(0)} = (7, + m)iD(x'- ), (103)
and it also disappears behind the light cone, so that the former definition of microcausality
extends to fermions too. At t' =t (102) reduces to 5°(X'—X), as it should be for the equal

time anticommutator (80).

Thus, the property of field (anti)commutators, which was presented as a strict
manifestation of the classical microcausality condition in QFT, contradicted the property
of causal propagators. The superluminal signals were excluded at measuring the fields,
while at calculating the diagrams with causal propagators, such signals were taken into
account as an important part of the physical picture, which shows the internal contradiction
in the former treatments of microcausality and locality.

3.3. The inconsistency of the former proof of the spin and statistics theorem

In the previous standard formulation of QFT, the proof of the spin and statistics
theorem was based on two conditions. In the particular case of free fields, this is the positive
energy condition for the spinor field quanta, because of which anticommutators were
introduced instead of commutators, and in the more general case of interacting fields this
is a microcausality condition, understood as the disappearance of the field commutators
behind the light cone [9,10].

In Section 2.4, the spin field !4, described by the Dirac equation, was quantized in
the SF treatment by introducing anticommutators, assuming that this is a fermion field. But
in this case, the anticommutators did not lead to the exclusion of the negative energy
guanta. This means that the appearance of anticommutators in the consistent quantum field
theory without zero-point energy is not related by the sign of the energy of quanta.

In the former standard formulation, the fact of linking the anticommutators with the
energy sign was an artifact of the “manual” replacement of the creation (annihilation)
operators of quanta of negative energy by the annihilation (creation) operators of
antiparticles, which led to the zero-point energy.

As will be shown in Section 3.4, in the QFT based on the SF treatment, the former
microcausality condition becomes modified, being softer, since the theory contains the
effective nonlocality due to the creation and annihilation of virtual pairs within the
Compton length.

In this case, commutators of the boson field behave similar to the causal propagators
which do not disappear outside the light cone. This not only does not lead to the problems,
but on the contrary, only restores the internal consistency of the QFT.

In this regard notice the following two facts, on which we will refer further in the
question of the connection between spin and statistics. Firstly, it is a fact of the description
of the integer spin quanta by the symmetric wave functions. It is evident in the system of
two pairs of electrons, each of the pairs with an integer total spin, where at pairwise
permutation of electrons the wave function of the system does not change its sign. This
means that the first part of the spin and statistics theorem, that the integer spin particles are
bosons, is proved obviously.

Secondly, it is a fact that the half-integer spin particles in the framework of the SF
treatment can in principle be described by both symmetric and antisymmetric wave
functions, but the experiments show that the second one is true, i.e. they are fermions. Thus,
at this level of our understanding of QFT, the second part of the spin and statistics theorem,
that the half-integer spin quanta are fermions, is not a theorem that can be proved, but is a
postulate based on the experiments.
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3.4. Commutators and causal propagators of fields

The commutator of the complex scalar field is:
[(x),¢ (0] =[4,(x), 4. ()] +[4.(X), 4 (X)] =

_ Z(e—icq((t'—t) N ei(q((t'—t))eik(x'—x) = —iD, (X'~ X). (104)
k

This result differs from the result of the former treatment with D(x'— x) (100). Now it
appears D,(x'—x), an even function of the time interval which does not disappear behind

the light cone, although is concentrated mainly within the Compton length. In this respect,

the commutator (104) behaves similar to the causal propagator. The implications of this

behavior, in particular for determining microcausality, are discussed in the next section.
Let’s construct the causal propagator for quanta of fields as for the oscillator,

defining it as a symmetric chronological product of operators T with properties (94). The
causal propagators for quanta then can be defined as the vacuum averages on the symmetric

chronological products of the field operators at two spacetime points (O[T [#(x")¢"(x)]|0)
and (0|T[¢"(x")#(x)]|0). As in the case of the oscillator, they take the form:
(O[T [#(x)4" ()]0} = (O] T[4 () $(x)]|0) =
=(0]4.(x)¢;(x)|0) A(t'~ 1) +(0]4.(x)¢(x)|0) Ot ~t") = (105)
_ Z[Q(t '—t)e Y 4 gt —t ')eiaw'*”]eik“'-“ —iD_(x"- ),

Thus, we come to the standard causal SF propagator, which does not disappear behind the
light cone. Analogously can be derived the causal propagators for vector and tensor fields
and they are the same as the standard causal propagators for these fields.

The causal propagator for fermions also is defined as the vacuum matrix element on
a symmetric chronological product and also coincides with the standard causal propagator:

1S, (X'=Xx); = <O|f[l//i(xl)'/7j(x)]|o> = _<0|-f[¥7j(x)‘//i(x')]|0> =
= (0w ()77, ()|0) O(t"~ 1) +{0]w;_(x)#7;_(x)|0) Ot —t") = (106)
- Z[e(t —t)(p +m)e P L gt —t)(p - m)eiE"“"t)e"p‘X"X’] .

ij
3.5. The consistency of the treatment of microcausality in the new method

As was shown in Section 3.3, the former definition of microcausality, declared as
the disappearance of commutators or anti-commutators of fields behind the light cone,
contradicted to the properties of causal propagators.

The new quantization method, described in the paper, leads to even commutators for
boson fields. They do not disappear behind the light cone, but quickly decline outside the
Compton length. In this sense, they behave similar to the causal propagators.

From the physical point of view, this means that behind the light cone the classical
conditions of locality and relativistic causality are fulfilled not strictly, but approximately
because of the correlation of the field functions on the Compton length scales. Therefore,
they are performed as better, as larger the distance compared with this characteristic scale
of the effective non-locality in the many-particle system.
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Thus, the new method leads to the revision of the classical microcausality conditions
towards their softening for quantum fields.

3.6. Interacting fields and diagram technique

At analyzing the consequences of the new quantization method for interacting fields,
we first note some differences with the former diagram technique, and then select the part
that remains valid in the new method.

If several operators of the same field are present at the interaction vertices, now it is
necessary to take into account the fact that not all of these operators mutually (anti)

commute, for example, @(x)¢ (X) % ¢ (X)@#(X). Some consequences of this for the

diagram technique and observables will be discussed in forthcoming publications.

In special cases of diagrams describing known processes and loop corrections, the
operators of the same field at each vertex usually correspond to different states and
therefore mutually (anti) commute, as was assumed in the former diagram technique.

The formal difference of the new method is the introduction of a time-symmetrical
chronological ordering, but this leads to the standard causal propagators. Therefore, this
difference was effectively taken into account in the former diagram technique at
constructing the causal propagators, which is why its results coincide with the new method.

The external lines of the diagrams of the standard treatment of QFT were based in
fact of the representation of antiparticles as in the SF treatment, and therefore, there are no
differences in this respect either.

Since the propagators and external lines in the new and former methods are the same,
the whole diagram technique will not essentially change and therefore the new method in
fact legitimizes the application of the standard diagram technique, decreasing the number
of its recipes only.

4. The consistent transition from the SF treatment to the antiparticles

The SF treatment, where the description is in terms of particles of two signs of energy
and there are no antiparticles, is very convenient and sufficient for a consistent description
of most of observed phenomena in particle physics and for this reason it is widely used.
But for completeness of the physical picture, it is also necessary to know that from this
somewhat formal picture it is always possible to go over to the picture of positive energy
particles and antiparticles really observed in experiments. This transition must be carried
out correctly, since the interchanging of the initial and final states, necessary for such a
transition, is not a simple operation, especially for the operator products, and it requires a
certain set of necessary steps.

The standard transition procedure was just an example of inaccuracy in this case,
which became one of the reasons for the failure of the entire standard treatment of QFT.
The procedure was reduced to manually substituting the creation (annihilation) operators
of antiparticles instead of the annihilation (creation) operators of negative energy particles
directly in the field operators, regardless in what of products these field operators appear.
Such a simplified and naive approach then generated the divergent zero-point energies in
the free Hamiltonians, and turned out to be negative (!) for fermions, which then required
an artificial normal ordering recipe, including in the case of interaction terms.

Below two consecutive procedures for the transition from the SF treatment to the
picture of antiparticles will be described. The first, based on the charge conjugation (C)
symmetry, is simple and convenient to apply to the equal time bilinear products of field
operators, such as free Hamiltonians and currents. The second one, based on the widely



22 Zakir, Z. (2020) Quantum and Gravitational Physics, 1:001-7128

used in practice form of the SF treatment - crossing symmetry, is more universal and can
be applied to the propagators and interaction operators too.

4.1. Transition to the antiparticles by means of charge conjugation symmetry

Simplest procedure based on the C-symmetry, allowing one to exclude the operators
of negative energy quanta from the operators of observables, will be shown on the example
of an oscillator with complex coordinates.

Such an oscillator with the Hamiltonian and the charge operator (37):

H=w(@a, -aa), Q=aa +aa, [a,a,]=1, (107)

is C -symmetric, i.e. at C - conjugation H is invariant, while Q changes a sign:

H°=CHC'=H, Q°=CQC*'=-Q. (108)
The ladder operators, charge conjugate to the ordinary ones, are defined as:
b,=Ca,C™", b,=CalC™, [b,b]=1, (109)
and the charge conjugate Hamiltonian and charge are expressed through them as:
H®=w(bb, —bb), Q°=bb, +bb._. (110)

Further, using the C -symmetry conditions (108), we replace the operator products
a'a_and b’b_ for the negative-energy states with the operator products b’ b, and a’a,
for the positive-energy states. For this we write the conditions (108) explicitly:

H=w(a —-aa)=w(bb, -bb)=H®,

. . N . (112)
Q=aa +aa =—(bb, +bb)=-Q°
and we get two operator relations for four types of products:
aa —-aa =bb -bb,
(112)

aa,+aa =-bb -bb .
Further, by adding and subtracting these two relations, we obtain two operator identities:
aa =-bb, bb=-aa, (113)
where the second identity is the charge-conjugated form of the first one. They allow us to
exclude a’a_and b’b_ from the operators of observables (107) and (110):
H=H°=w(aa, +bb,),
Q=-Q°=aja, —bb,.
Thus, the C -symmetry conditions allow us to transform the SF picture to the antiparticles
IOICtureNotice that the operator relations, including identities (113), have the meaning of

equality of means over the corresponding states and, for completeness, it is necessary to
make charge conjugations of the states over which these averages are taken.

(114)

4.2. Transition to antiparticles by using crossing symmetry

In the former standard treatment of QFT, the operators of negative-energy particles
a, and afk were replaced “manually” by the operators of positive-energy antiparticles
directly in the field operators:
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a, —»>b, a,—>hb. (115)

At the same time, the possibility of such a replacement in the products of operators was not
proved, but was naively implied as an obvious consequence of (115).

However, in the SF treatment, as well as in one of its practically used in particle
physics forms - the crossing symmetry, such a transition involves replacing the initial and
final states, which leads to non-trivial consequences for the operator products. Therefore,
carefulness and more accurate definitions are required here, in particular, all replacements

of the particle operators a_, , aik and their products to the antiparticle operators b: , b,

and their products must be consistent with the crossing symmetry conditions.
Crossing symmetry makes it possible to easily obtain the amplitudes of several other
“related” processes from the expression for the amplitude of one a process. Due to this

symmetry, a particle in the initial (final) state with a 4-momentum +p,, can be transferred

to the final (initial) state with a 4-momentum —p,, and, after changing the direction of the

time evolution to the opposite, be considered as a description of the antiparticle:
A+B—>C+D, A+C—>B+D, A+D—>C+B. (116)

Thus, a crossing operation, consisting of turning a line around a vertex in a diagram
with transition into another light cone, changing the sign of the 4-momentum and the
direction of time evolution, turns the particle into the antiparticle (and vice versa).

In the crossing transformation, the change in the sign of the 4-momentum of the
particle and the change in the sign of the time interval cancel each other, which leaves the
sign of the energy of the resulting antiparticle positive. In this case, the particles move in
the direction of the arrow in the diagram, and the antiparticle in the opposite direction.
Thus, the line of the particle directed to the past corresponds to the antiparticle going to
opposite side, i.e. to the future.

Notice, that the SF treatment, and hence the crossing transformation, refers to a
single line in the Feynman diagram, independently of other lines, which distinguishes it
from the CPT symmetry, transforming the whole diagram.

As an example, we consider the relationship between the scattering amplitudes of
electrons and positrons in a Coulomb field. The positron transition matrix element:

S =ie[d*x(=p,,s |70y W (X)|-p;.5, ) AX). (117)
at substituting the field operators (78) takes the form:
Sfi = _Z<_ Pi, S |b:rp,sb—p,s

p.s

—p,S¢) S (118)

where S, is all other factors. At the same time, after crossing transformation of the

amplitude describing the electron scattering, turning it into an amplitude for the positron
scattering, we get:

S, =Z<pf,sf‘d;‘sdpvs|pi,si>8~ﬁ. (119)
p,s
The comparison of these two expressions, (118) and (119), gives:

—(=p; S |b b, |-y S > :<pf S ‘d;’sdp,s| P.S) (120)

which is the matrix form of the operator relation (113) for the case of fermions.
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Matching of the guantization rules with such a fundamental symmetry of particle
physics as crossing symmetry leads to a number of modifications that, together with those
discussed above, lead to the crossing symmetric quantization. The consequences for
interacting fields, including clarifications in the definitions of causal propagators, the
ordering rules for operator products, and the diagram technique will be discussed later.

5. On the consequences of the lack of zero-point energy of fields
5.1. The experiments confirmed the lack of the zero-point energy of fields

The quantum fluctuations of fields of real sources, such as electrons and protons,
lead to the set of observed effects. The predictions of QFT with such real sources are
consistent with experiments and often the accuracy of this agreement is unprecedented.

In particular, the Lamb shift is determined by the interaction term H"” =j- A,

where | is the current of electrons or protons, and A, describes the virtual photons, the
excited states of electromagnetic field. The latter are not relate to the hypothetical external

vacuum fields A(O), associated by the zero-point vacuum energy H((,O) . The experiments

showed that the observed value of the Lamb shift AE is completely explained by the

contribution AE{" of the virtual photons from real sources:
AE® = AE/, (121)
But in the former standard treatment of QFT, the zero-point vacuum fluctuations
additionally contribute to the Lamb shift. In this case, the zero-point energy of the
electromagnetic field H{® , which was inevitable there, should have been generated by the
Bo:

fluctuating vacuum fields E(O),

H” :2Id3k%@ :IdSX%(Efo) +H) (122)

and the total energy would be contain a contribution from the additional interaction term

with these vacuum fields H(® =j-A , , where E, B, are the strengths of the field

A, [9,10]. Since this additional interaction energy H® enters to the interaction
Hamiltonian additively with the interaction energy H " of the same particles with the

fields of the real sources A, , the contribution of the zero-point fluctuations AE(” should

(n:
be added to the contribution of the real sources AE("

Since both contributions are of the same order (which is why they were usually
confused with each other), in fact the predicted energy shifts would be doubled:

AE, = AE” + AE(" ~ 2AE/. (123)

The observations indicate the existence of only a single contribution, which in the
conventional scientific methodology should be attributed to the contribution of the real
sources AE], since this contribution cannot be ignored in any case.

In the case of the Casimir effect, the observed effect is completely explained by the
contribution of the fields of other kind of real sources — by the fluctuating radiation field of
crystal atoms. It is well known that the theory of Van der Waals forces successfully
describes the Casimir effect, including the temperature dependence, through the radiation
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of real sources - atoms - at their vibrations in the crystal, including the vibrations at the
“zero-point temperature” of the crystal. Since the contribution of the purely vacuum fields

H® has the same order and it should be summed with the contribution H" of the

radiation field of atoms, the former treatment with the zero-point energy in this case also
gives doubled value of the Casimir effect than it is really observed.

Thus, the contribution of the real sources, which cannot be ignored, completely
explains the experiments in the case of both effects. This means that the existing
experiments exclude the contribution of the zero-point vacuum fluctuations and, therefore,
only the new method of quantization on the basis of the SF treatment, where they are absent,
is in agreement with these experiments.

However, by the irony of history, a myth was created about the same experiments
that they allegedly confirmed the opposite statement that the zero-point vacuum energy was
clearly manifested in them. This myth was then widely promoted in the literature, including
the well-known textbooks of QFT. In fact, it is based on the logical trick used in the
manipulative propaganda, the mean of which is that at first one explains the real
phenomenon by the desired unrealistic reason, artificially excluding from the consideration
a real reason. And since one must explain the same phenomenon by the real reason too, one
excludes from the consideration the unrealistic reason. As a result, a false belief becomes
created that the unreal reason is acceptable in the equal rights by the real one and, therefore,
unreal is also real, since it is also “confirmed” by the observations.

Note that this case of applying “non-traditional” logic in science is an example of
the phenomenon of “doublethink”, the “ability to adhere to two opposing beliefs at the
same time”, well-known in psychology. In the traditional scientific methodology, if a
phenomenon is supposed to have two simultaneously influencing causes, then the
consequences of their influence should also be taken into account simultaneously. If,
however, the phenomenon is completely explained only by one of the reasons, the existence
of which is beyond doubt, then the second reason should be considered as non-existent and
refuted. In our case, the reason that cannot be ignored, and which is sufficient to explain
the observations, is the field of real sources, while the mythical “alternative”, without which
everything is already explained, is the influence of the zero-point fluctuations of fields.

5.2. Partial solution of the cosmological constant problem

As it is shown by observations, the value of the cosmological constant is practically
disappearing and the new quantization on the basis of the SF treatment naturally explains
this observational fact, in the sense of the lack of contribution from the vacuum of free
fundamental fields.

However, this fact was mysterious in the former treatment of QFT with a very large
contribution of the zero-point vacuum energy. All attempts to cancel this contribution in
the framework of this form of QFT only make worse the situation, requiring additional
unrealistic hypotheses.

It is important that attempts to eliminate the zero-point energy by artificial methods,
such as «normal ordering» or shifting the energies, was not acceptable due to the existence
of gravity and this fact was well known. In this regard, the Standard Model, based on the
former quantization method, was inconsistent, and this fact was clearly recognized.

Therefore, the lack of the zero-point vacuum energy of the fields at quantization of
them by the new method indicates an internal self-consistency and reliability of the physical
ideas and principles which lies on the basis of the entire relativistic quantum theory.

At the same time, this only excludes the contribution of the vacuum of free fields
and therefore does not mean the final solution of the cosmological constant problem. Other
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possible contributions, such as contributions from the field condensates, the loop
contributions, etc. are beyond the competence of the theory of free fields and require
consideration of the theory of interacting fields.

Notice, that in the theory of interacting fields, the new method leads to automatic
normal ordering of many operator products, which eliminates the diverging loop
contributions to the vacuum energy. This fact, therefore, solves the cosmological constant
problem also in the part concerning the contribution of the vacuum of interacting fields, at
least in the framework of the perturbation theory.

5.3. Supersymmetry does not solve the zero-point energy problem

The possible existence of supersymmetry, symmetry between bosons and fermions,
which allows to solve the problems with divergences in field theory and the unification
problem in particle physics, was one of the most inspiring and systematically developed
hypotheses over the past half century [8].

There were three expectations for this new symmetry: mutual cancellation of the
zero-point energies of bosons and fermions, partial cancellation of the loop diagrams
divergences, and the creating of successful models of unification. Here it will be discussed
only the first of these hopes.

The idea about possible cancellation of the zero-point energies of bosons and
fermions follows from the fact that, at the standard guantization of fermion fields there
appears not an ordinary zero-point energy, but a zero-point energy of negative sign!

However, at quantization of the relativistic fields in the new method based on the SF
treatment a zero-point energy does not appear for both bosons and fermions and thus the
initial idea of the supersymmetry appears to be realized naturally, without such radical
hypothesis.

Thus, one of the three main arguments in favor of supersymmetry, associated with
the zero-point energies, turned out to be irrelevant.

6. Finite quantum theory of strings in the SF treatment
6.1. Inconsistency of the string theories with zero-point energy

The most radical of the widely promoted unification models was the hypothesis that
the fundamental objects of physics are not localized particles and continuous fields, but
one-dimensional objects — strings. In theories of relativistic strings, it appears a critical
dimension of space-time: D =26 for a bosonic string, D =10 for a fermionic string and
a superstring. It is the key property underlying almost all the achievements of the string
theories.

In Appendix B it is shown that the critical dimension is a consequence of the
presence of the zero-point energy of string modes and the need for normal ordering of the
operators of observables. In this case, the critical dimensions follow from the requirement
to cancel anomalies arising from the residual contribution of zero-point energies of string
modes after their artificial “regularization”.

But the fact of the appearance of diverging zero-point energy means the
inconsistency of such unification theories. This is because the “regularization” was justified
as a temporary procedure for semi-phenomenological theories as an approximation of
unknown behavior at short distances. But it is unacceptable for a fundamental theory that
claims to be a correct description of physics at these small distances, where gravity is not
only strong, but even dominates.

As it will be shown below, in one of the models of the relativistic string, quantized
in accordance with the SF treatment, the zero-point energy does not arise, and therefore
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there will be no critical dimension. Such string theory is physically consistent, but it can
no longer solve the problems of unification.

If someone tries to fix a certain dimension of space-time by using other reasons even
in the absence of a critical dimension, by introducing special symmetries, then even this
case such models appear as less suitable than models based on local primary objects.
Really, the introduction of one-dimensional objects with a continuously distributed energy
density along their length, as well as the nature of stresses along their length, causes a
number of new problems, which were present in the string theories, but not analyzed
properly. Obviously, it is almost impossible to avoid the divergences, that are still hidden,
due to the structure of any one-dimensional object, especially for objects of higher
dimension. This shows a high degree of artificiality and internal contradictions in the
models with nonlocal fundamental objects.

6.2. Consistent quantization of strings without zero-point energy and anomalies

The lack of the zero-point energy of string modes leads to the string theory without
conformal anomaly, since the zero-point energy was a source of this anomaly. Due to the
lack of the anomaly, there is no reason to fix the critical dimension of spacetime. For this
reason, below it will be formulated the simplest string model without zero-point energy.

Consider the standard action for the bosonic string [8]:

T a
S:—E.[dszﬁh 79,X"0,X (124)

where h* =h(z,5), h=|deth”

allow us to take the 2-metric as h_,(z,0) =7,, =diag(l,—-1), after which Eq. (124)
gives:

, X*=X*(r,0). The symmetries of the string

+0,X{'0°X,, ), (125)

T 2 a T 2 a
S :—Efd oo, X" "X, :—Efd o (0,XE0°X 5
X#(r,0)=XE(r—0)+ X[ (r+0). (126)
Here the right X5 and left X/ modes of a closed string are the solutions of the equations
of motion:

0,0°X* :(8f —ai)X” =0, (127)
The coordinates of these modes can be combined into one complex coordinate:
1 1
—— (XH* —
ﬁ( R \/E(

In terms of this coordinate, the action and the energy-momentum tensor take the form:

YH = +iXM), Y¥ = X & —iXH). (128)

*

(129)

a u a ,u)'

S:—%jdza(a Y O +0°Y D Y

At the classical level the string variables are ordinary functions and are therefore
permutable, so that the integrand in (129) is equivalent to the expression with the minimal
Lagrangian:

$=-T[d’6a,Y; 0" (130)

We will consider the classical action function in (130) as the starting point for further
guantization.
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In the SF treatment, firstly, instead of a superposition of modes 7+ &  moving right
or left, each with positive and negative energies, one of the modes is selected as the basic

one, for example, the right one with positive energy Y “(z — o), moving forward in time
only. Secondly, the left positive mode Y (7 + o) is described as the right mode, but with

negative energy Y“(z—o) and moving only backward in time. Thirdly, the action
function in (130) should be rewritten by taking into account these two points as:

S=-T[do | O(r,~7,)[drd, Y -0, —0(z,~7,)[dza, Y -0°Y_|. (131)
The equations of motion (131) and the boundary conditions for closed strings:
Y“(o)=Y*(c+2x), Y*(o)=Y*(c+27), (132)
lead to the frequency decomposition of the complex coordinate:

Y'U(T_G) :Y+/1 _}_Yfl Zl( -2in(r-o) +a e2|n(r o—))

='n

[ “ | (133)
Yﬂ*(z-—O') :Y+ﬂ*+Y_ﬂ* :Yoﬂ* > Z (a #g2in(r-0) 4 oy efzm(f g))

N
where 1> =1/ 7T . This also gives:
i =Y+” +Y_# :Y'Oy n IZ(a:e—Zin(r—a) _aftneZin(r—a))’
" (134)

Y' w* _ Y-f* -}-Y.fl Y > + IZ(a > 2|n(r o) afI:e_Zin(T_o-)).

Here the times 7 are multiplied only to the positive “frequencies” n > 0 and the sums of
contributions with opposite signs of energy are written separately.

Conserved currents of the coordinate translation Y “,Y “" are:

PL =+T aan*, 0“Ps =0. (135)
The commutators have the form:
[Y“(z,0"),P (z,0)]=—in"6(c — o). (136)
Substitution of (133) and (134) gives (nonzero) commutators for the operators of modes:

a1=-ms, " (137)

The Hamiltonian and chiral charge are defined as:

[on, 1=,

—m?

2 2z
H.=+T*[doP,.-P", A,=%[do(P.Y.-Y.P.). (138)
0 0
The inserting of the mode decomposition gives:

H=H,+H =H +Z(aa —-a”

-n —n,u)
n=1

(139)
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A=A +A =N+ (&, +atha,,). (140)

n=1
As a result, the operators of the Virasoro algebra (see Appendix B)

L =Ly + Lo = D Gmini, (141)
N=—o00
are normal ordered initially, L, |O> =0 and their commutators have the form:

Ly L]=(m=n)L,.,. (142)

Since they do not contain anomalies or a central extension, the algebra of operators of the
Lorentz group is closed also without anomalous terms.
If it is necessary, the transition to only positive energy states is carried out in one of

the two methods described in Section 4, which will give o cx, > —bb, - Asaresult,
(139) and (140) turn to:

H=H,+Y (¢ a,, +bib,), A=A+ (& e, -bD,,).  (143)
n=1 n=1
The operators of modes in the Hamiltonian (139) or (143) are in the normal form and there
IS no zero-point energy in the theory.

Thus, the theory of a bosonic string does not contain the zero-point energy and the
former restrictions on the spacetime dimension D . A similar situation is in the theory of a
fermionic string, since at the quantization according to the SF treatment there is also no
zero-point energy and no anomalies.

Conclusion

In its former standard formulation, the theory of relativistic fields and strings was
inconsistent, since it inevitably led to the diverging zero-point energy. In the SF treatment,
where the signs of energy and directions of time evolution are the same, the zero-point
energy was absent in the case of minimal Lagrangians, but there was a problem of the
negative norm of states, which is mathematically unacceptable.

It is shown that at following the SF treatment, starting from the action function, the
norms of all states become positive, which makes the theory mathematically correct, and
the choice of minimum Lagrangians, do not leading to the zero-point energy, makes the
theory consistent from a physical point of view too.

The construction of causal propagators through the time-symmetric operator of
chronological ordering, directly leading to the SF causal propagator, also becomes natural
and consistent.

The new quantization method is first applied to harmonic oscillators with both signs
of energy, and then to relativistic fields and strings. The result was almost the same diagram
technique of the standard formulation of QFT, but without a number of semi-empirical
recipes of the former formalism.

The new quantization method based on the SF treatment without zero-point vacuum
energy is in agreement with the existing experiments, fully explaining their results through
the contributions of the fields of real sources. The lack of the zero-point energy partially
solves the cosmological constant problem in the sense of the vacuum of free fields.

At a certain choice of the Lagrangian, the modes of a relativistic string do not contain
the zero-point energy and, therefore, the theory is finite, but in such a consistent string
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theory there is no anomalies in the Virasoro algebra and the algebra of the Lorentz group,
thus it does not have the critical dimensions of spacetime. There is also no need for
supersymmetry to solving the vacuum energy problem.

A more detailed presentation of the consecutive method of quantization on the basis
of the SF treatment, formulated in the paper, and its consequences is given in the book [12].

Appendices.
A. Oscillator with two signs of energy in quantum mechanics

In the SF treatment the positive energy states of harmonic oscillators should
propagate only forward in time, and with negative energy - only backward in time. The
Lagrangian L and the Hamiltonian H of the linear harmonic oscillators with two signs of
the energy of an oscillating particle have the form:

L =220~ i), H, =% (p} +miaix?) (144)

Here x, and p, =+mx, are the real-valued coordinate and momentum of the
particles. The wave equations then take the form (in this section % #1):

ot 2m o2

+

. 1 2
Ih%:i—(—hz 0 +(ma))2xij/+. (145)
The expansion over stationary states with energies E , ==*E_, where E = |Eni|’ are:

Wi(xi't) = Z:V/ni (Xi)eiiEnit/h - Zl/lni (Xi)exiEntm o NL= 012,.. (146)
n=0 n=0

Here y, (X.) are spatial parts of the wave functions normalized as:

J. dxi Wr?i(xi) =1. (147)

Substituting (146) into the wave equation (145) gives the similar equations:

d? 2mE o)
(-, =0, Ki=S o A== (148)

Their solutions are expressed through Hermite polynomials H, :

() = ML T Kol hYx ], (149)
(2"n!)
and the eigenvalues for k> and E, are equal to:
k’=A(2n+1), E,=ho(n, +1/2). (150)
This gives for the energy levels of a system of two types of oscillators:
E.=xE, =thw(n, +1/2). (151)

Notice that the sign of energy is determined only by the sign in Hamiltonian (144), into
which the frequency enters quadratically.
The equations of motion, following from (144), and their solutions have the form:

X, +w’X, =0. (152)
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1 <i * i —lma) —i * i
X, =———(a,e" +a,e™), p,=——(.e"" -ae"™), (153)
 Lmern :  Lmeln :
+iwt . eiiwt
a, = (mex, +ip,), a,= (max, —ip,). (154)

N 2maoh N 2moh

At quantization, the commutators [X,, p,]=1i% lead to:
[a.,a.]=1 [a,a.]=[al,a]=0. (155)

Notice, that operators with different signs of energy act in different space of states and
mutually commute. The wave function of ground states is also similar:

10,) =wo(x,) = (M / h)" e ™" g ]0,) =0. (156)

The wave functions of excited states of both kind of oscillators |ni> are built as:

a,|n)=n.|n,-1), a|n.)=n +1|n, +1),.. (157)

where n, =0,1,2,... are eigenvalues of N, = a;ai , the numbers of two types of quanta.
The ladder operators in this case act on the wave functions in the representation of
occupation numbers. In this case the Hamiltonian (144) takes the form:

H, =+how(aja, +1/2). (158)

Thus, the theory of a harmonic oscillator, expanded with the inclusion of the negative
energy states, is internally self-consistent, if the evolution backward in time of the negative
energy states is taken into account.

B. Zero-point energy as a source of anomalies and critical dimensions of strings

The action for a boson string (125) leads to the traceless energy-momentum tensor and
the constraint equations (X =0, X, X'=0_X ) [8]:

2 oS 1 1 ‘
T == ==|0 X-0,X—=n,0 X-0“X |=0. 159
ofp T ih 5haﬂ 2( a Y] znaﬂ a j ( )
Too:Tn:%(Xz"'Xlz):O’ T1o:T01:X'XI:0' (160)

The equations of motion and their solutions have the form:

0,0°X =(0?-0°)X =0, X(r,0)=Xg(r—0)+ X (r+0). (161)
The expansion of the coordinates under the string modes, following from (161) and the
boundary conditions for an open string X '(7,0) = X '(7,7) =0, has the form:

. 1 i
X“(r,0) =x"+1’rp* +il Y. = al'e ™ cosno (162)
n=0

where 12 =1/ 7T . The non-zero commutators are equal to (P* =TX"):
[X“(z,0),P"(r,0")]=in""6(c—0"), (163)
[an, oy 1=mn" & e [X, P 1= (164)
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The Hamiltonian of the modes and the operators L of the Virasoro algebra was usually
written in the normal-ordered form:

2z o0 o0
H :g.[dO'(XZ'FXIz):%Z afnanﬂ ) Lm:%z am nan,u ) (165)
0 N=—

N=—o0

where ¢’ = Ip*. To find the algebra of operators, we compute the commutator [L, L] by
means of the relations:

[A BC]= ABC — BAC + BAC — BCA=[A, B]C + B[A,C] (166)
[al,L]== Z {[a,in,ag]arffp +ag[ar;,an‘;p }:
25 (167)
=5 Z{ m+p n p m+n p p}m6IJ Xim

p_—oo

Rewriting the commutator as:

2[Lm ]_ Z[ ap m p- 'Ln]_ z[ap - p’Ln]+z[am p ;' (168)

p=— p=—
and calculating these expressions by using (167), we find the relatlons for the operator algebra:
D
[Lm,Ln]=(m—n)lwn+Em(m 1)Smin: (169)

including the anomalous term, or central extension of the Virasoro algebra.
To find out the origin of this anomaly, we calculate the commutator of operators L in

the case when the normal ordering in L is not performed. Then we have instead of (165):

L, = 1 > ol a,, (170)

and the commutator takes the form:

2L, L]=- Z[Ln, alol 1=~ Z[Ln alla) ,~ Y alll,al,] a7

By substituting (169) and shifting p — p—n the first sum, we obtain:

Z[Lm’ n]_ Z pan+p m— p+ Z (m p)apamm p

p=—o

- Z (p n)apamm p + Z (m p)apamm p = (m n) Z apam+n p?
p=—o
[Lo, LI=(m-n)L,,,. (173)
This is an expression for the Virasoro algebra without the anomaly or central extension. Thus,
the source of the anomaly in the Virasoro algebra (169) is the normal ordering in (165).

(172)
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1. Consistent quantization in the Stueckelberg-Feynman treatment

Let’s consider one heuristic way of obtaining critical dimension for a bosonic string
D =26. Since L, from (165) there is the Hamiltonian of the string (165), then in the
equation for the mass of the physical state |¢):

(L—a)e)=0 (174)
the normal ordering constant a is the zero-point energy of the modes. For the appearance
of massless states, it is necessary that a =1. At the same time, at quantization in the light
cone gauge, when only the (D —2) transverse coordinates of the string are quantized, the
energy operator of these modes was written as:

D2 0 D2 s
ZZ o, n——ZZ o a i+ (175)
i=l n=— i=l n=—x

After regularization, i.e. equating the sum of natural numbers to the Riemann zeta
function £(s) at s=-1,i.e. {(-1)=-1/12, were obtained —(D —2) /24 for the last
term in (175). Equating this to —a =—1 in (174) then gave the critical dimension D = 26
. Thus, in this method of obtaining the critical dimension, the existence of such a
distinguished dimension follows from the existence of zero mode energy.

A rigorous method of calculation of the critical dimension is to find the commutators
of the Lorentz group generators J*“". In the calibration of the light cone for Lorentz
invariance, the commutator [J = J"] must vanish, but it turns out to be proportional to:

37371~ S A et —alal), A, = 261 D(m+m’1)+—(1 a). (176)

Thus, the Lorentz invariance condition of the theory A, =0, when the algebra is closed,

is satisfied onlyat D =26 and a=1.

In string theory, it is well known that this anomaly in the Lorentz group is a
consequence of the D -dependence of the anomaly in the Virasoro algebra (169) at the light
cone gauge, where D should be replaced by D —2. Thus, the appearance of a critical
dimension in string theory is a consequence of the normal ordering of the operators of
observables. The conclusions for the fermionic string are similar and therefore the same
conclusion is valid for superstrings.
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