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Effects of gravity around charged and rotating collapsars
in metrics with independent parameters

Zahid Zakir?

Abstract

The Kerr-Newman metric around charged and rotating sources, as well as Reissner-Nordstrém and
Kerr, included the total mass at infinity, depending on the charge and rotation parameter, and therefore,
as solution up to an unknown function of independent parameters, it was only an intermediate stage in
solving the problem. The complete solution as a metric with independent parameters was recently given
by the author (Zakir, 2022). For a ball with a charge on the surface, the new metrics includes three
independent parameters - surface radius, charge, and ball’s gravitational radius, equal to the gravitational
radius of neutral matter. The electric field energy exists only outside the ball and contributes to the metric
with the same sign as the matter. Therefore, the increase in charge enhances gravity and its effects (time
dilation and redshifts, orbit radii and shadows). At collapse of the ball, its surface asymptotically
approaches the gravitational radius and the ball freezes (in center’s rest frame), becoming a frozar. Two
parameters remain in its metric and the observable consequences are the same as for a ball with a given
surface. The metric around frozar with angular momentum is given by a new form of the Kerr metric
including two independent parameters - the gravitational radius at the pole and rotation parameter. In it,
the contributions to the metric of the energies of matter and rotation have the same sign, and therefore an
increase in rotation parameter enhances gravity and its effects. When there is also a charge on the surface,
the metric is given by a new form of the Kerr-Newman metric, also including the gravitational radius at
the pole as an independent parameter. Its consequences are a combination of the two previous cases. All
these consequences are physically correct, but they are opposite to the conclusions from the standard
metrics of Reissner-Nordstrom, Kerr and Kerr-Newman. In these standard metrics, the dependence of the
total mass on the charge and rotation parameter was ignored, which led to erroneous predictions about
the weakening of effects of gravity at increasing of these parameters. The present article provides a brief
review of the new metrics and a more detailed description of their consequences for observable effects.

Keywords: charged ball, gravitational radius, Reissner-Nordstrém metric, Kerr metric, Kerr-Newman metric,
black hole, frozar, gravity effects, shadow
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1. Introduction

In the previous two articles [1,2], it was found a new form of exact solutions of the Einstein
equations for the metric around charged and rotating sources with true dependencies on the
charge Q and rotation parameter a. It turned out that they differ significantly from the
previous dependences contained in the standard metrics, Reissner-Nordstrém (RN) [3-5] and
Kerr [6,7] in particular cases, and Kerr-Newman metrics (KN) [8] in general case (see [9]).

The reason for this discrepancy was that the new metrics are solutions in terms of
independent parameters, while the previous metrics were solutions up to an unknown function
of these parameters and therefore were only intermediate steps in solving the problem.

Indeed, the former metrics included, as the main integration constant, the total mass of the

source at infinity M , determined from the Schwarzschild solution in the asymptotics. But M
included, in addition to the mass of the neutral non-rotating matter M , also the mass-equivalent

of energies of rotation and electric field. Therefore, M, be independent of coordinates, was
depended on a and Q, i.e., was some function of other parameters of the metric

M = f(M,Q,a). Since in the general case it is not known how M changes when a and Q
change, it is also impossible to predict the dependence of the effects of gravity on a and Q.

In fact the dependence M (M,Q,a) is different in different models of the structure of the
source and, therefore, it can be determined only in a specific physical model of the source.
Almost all previous studies of the dependence on a and Q of the properties of collapsars and
the effects of gravity proceeded from the arbitrarily taken assumptions that the sources are black
holes (BHSs) and for them M does not depend on other parameters of the metric. It is clear that

these studies were erroneous already due to the last assumption about the constancy of M.
For these reasons, in order to complete solution of the problem and eliminate such errors,
it is necessary to determine: a) a simplest and realistic model of the source, b) an independent

parameter replacing M in the metrics, then c) find a function M (M,Q,a) in terms of these
independent parameters, and finally, d) substituting this dependence into standard metrics with
M , find the metrics with independent parameters. Only this form of the metric allows one to
correctly study the dependence of the effects of gravity on the parameters of the metric.

All this was done in [1,2], where it was first shown that the simplest realistic model is a
dust star with a surface charge, where the independent parameter is the mass of a neutral non-
rotating matter M , and then an explicit expression for M (M,Q,a) was found. When such a

star collapses, its surface freezes (in the center’s rest frame) almost at the gravitational radius
and the star becomes a frozar (frozen star), for which:

a’ +Q?
AMG?/c*’

where G is the gravitational constant. Substitution (1) into the standard KN metric with M
then led to the metric with independent parameters. This form of metric, correct from a physical
and consistent from a mathematical points of view, revised both the physical picture and the
observable consequences of the KN metric and its special cases, the RN and Kerr metrics.

In the present article a brief review of this new approach and its consequences, studied in
[1,2], are presented with new plots of the dependence on a and Q of the gravitational time

dilation, redshifts, orbital radii, and the shadow of collapsars. A more detailed description of
the consequences of the new approach will be presented in the book [10].

M(M,Q,a)=M + 1)
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Notice that the internal structure of the collapsar affects to the external effects through the
angular momentum and charge distribution. The article takes into account the fact that the real
stars can have the charge on the surface only, and at the collapse the surface asymptotically
freezes above the gravitational radius on the hypersurfaces of simultaneity t = const, where
all the effects are described. This picture lies on the basis of the frozar theory, where the surface,
as well as the charge, is practically on the gravitational radius. The BH theory is based on the
picture of a point source, where the electric field energy and the centrifugal energy diverge, and
therefore in this model the mass was implicitly renormalized, as a result of which the
dependence of the total mass on other parameters of the metric was lost.

In Sections 2-3 of the article metrics with independent parameters and their consequences
are presented, at first for charged and then for rotating frozars, and in Section 4 for the general
case when there are both the charge and the angular momentum.

2. Gravitational fields of sources with a charge on the surface
2.1. Metrics with independent parameters for a ball and frozar

The space-time interval outside a charged dust ball in the rest frame of its center can be
reduced to the diagonal form:

ds® = gy, (r)c?dt® + g, (r)dr® —r?dQ?, (2)

where dQ* =d@&” +sin” @de®. The world time t marks simultaneous events and the ball
as an extended object is given on the hypersurfaces of simultaneity t =const .

A ball with a charge Q (associated with the ordinary charge e as Q = e\EI c?, unlike

a neutral ball, is not a compact source of gravity. Inside its surface with a radius I, there is only
a part of its energy related to the matter and the electric field of the charge inside the ball. The
mass-equivalent of this energy gives the ball’s mass M, (Q) . The total mass M (r,Q) in the

sphere of radius I' > I includes also the mass-equivalent of the energy of the outer electric

field in the interval (rb, I'), and this part of the total mass depends on both r and Q.

The external metric for a ball with a charge distributed over the entire volume of the ball
was found in 1960 by W. Bonnor [11] and P. Florides [12], who found a contribution to the

total mass of the ball at infinity of electric energy outside the ball as: AM (o0,Q) =€/ 2I‘bc2

, which gives M (20,Q) = M (Q) +€&°/ 2r,c’, showing that an increase in Q enhances the

gravity (see also [13]). But M, (Q) was depended on Q because of the internal electric field

and this weakness did not allow them to find a metric with independent parameters.

In fact, any real charged ball has the charge on its surface only, where electrostatic
equilibrium is reached. For this reason, in [1], the outer metric was obtained for such a realistic
case of a ball with a surface charge only (Fig. 1), when the ball’s mass M does not depend on
Q . Further, we obtain this metric in a simpler way and study its consequences.

The electric field energy outside the sphere of radius I does not contribute to the metric
on this sphere, while the electric field energy inside this sphere increases the total mass inside
this sphere M (r,Q) . Therefore, the solution of the Einstein-Maxwell equations outside the
ball with a charge on the surface (Fig. 1) is easier to obtain directly from the Schwarzschild

solution with this effective gravitating mass M (r,Q):
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fields of BHs. A point charge with  fields of the ball. A surface charge fields of frozar. A surface charge
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where 1, (r) = 2GM (r,Q) / ¢? is the effective gravitational radius. Here
M(r,Q) =M +My(r.r,). (4)
where M, (I, 1) is the mass-equivalent of electric field energy in the interval (r,,r) [11,12]:

2
e (1 1

M,(r,r)=—|———1|. 5
Q( b) 2C2 [rb rj ( )

Substituting (5) into (4) and then substituting the result for M into (3), we arrive at a metric
with three independent parameters I, I, and Q for a ball with the charge on the surface [1]:

goo(r):_glll(r):l—%—Q—(l—EJZl—r—g—Q—(l—i) r=r, (6)

rorr r

where I, > 1, and r, =2GM / ¢* is the gravitational radius of the neutral matter of the ball.
Notice, that the outer electric field energy does not affect the metric inside the ball.

Inthe region I' > I, > Iy, the metric (6) has no singularities, the expression in parentheses
in (6) is positive-definite, the contribution of the electric field energy to the metric grows as
Q2 and has the same sign as the energy of matter. Therefore, growth of Q enhances gravity
in > 1, due to the growth of the electric field energy in the sphere I . This means that the
observable effects of gravity (the radii of orbits and shadow, redshifts) in the field of a charged
ball increase with growth of Q , and corresponding plots are presented in Section 2.2.

The metric outside the charged collapsar (frozar) in (2) follows from the ball’s metric (6)
in the asymptotic approaching f, — Iy (Fig. 2):

2 2 2
goo(r):—gl‘ll(r):(l—r—gj 1—Q— :1—M+Q—2, r>r. )
r I’g r r r

This metric now contains only two independent parameters I, Q . Denoting
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2
=rg+Q—, (8)

Iy

metric (7) can be written in the form of a standard RN metric:

r 2
goo(r):_glll(r):]-_gTQ"‘Q_z- 9)

r

o

The RN metric (9) at first, by analogy with the Newtonian theory, was formally considered
as a solution for a point source [3-6]. In BH theory, this Newtonian picture was directly
extrapolated into general relativity (see [9]). Since the physical consequences of the RN metric

(9) depend on the choice of dependence Iy, on Q, then the choice of a point source with
I, — 0 [3-6] leads to a divergent electric field energy in (5). As a result, the total mass also
became divergent M(Q) — 00 and, therefore, a hidden mass renormalization was done,
replacing M(Q) with the finite “observable” mass Mobs. In this case, the dependence of

M, on Q was lost and Mobs was considered independent on Q (even after this dependence

had already been found in [11-13]).
Such neglecting of the dependence one of the parameters on others in the standard RN
metric led to erroneous consequences in BH theory, such as a complicated structure of

spacetime with two horizons and predictions that the growth of Q weakens gravity, reducing
the effects of gravity (time dilation, redshifts, the radii of orbits and shadow) [9,14].

2.2. Time dilation and redshifts

For a test particle resting near a charged source at the point (r, &, @) = const, the proper

time interval between two events Az :gégz(r)At is less than the world time interval At

between the same events. This is the gravitational dilation of proper times. For the metrics for
the ball (6), frozar (7) and BH (9) we have, correspondingly:

r QZ r 1/2
ATy :A{l__g__(l—_b)} , (10)
rrr r
1/2 12
r 2
AT, = At (1——gj (1— Q—J , (11)
r rgr
r QZ 1/2
Aty = At (1— QTQ + 7] : (12)

Notice that in BH theory, the normalization condition o, =1, at Q =0 was supplemented
with the assumption that I, is independent of Q at Q # 0 also [9,14].

In the case of a ball and frozar (10)-(11), the growth of Q reduces the factor gégz(r) ,
which means that it increases gravity and, as the result, the dilation of proper times becomes
stronger. Plots for the case I = 3rg are shown in Fig. 3, where it can be seen that in the case of
frozar, the time dilation is similar to the case of a ball, but stronger. Frozar is the same ball, but
its surface radius I, = I is the smallest among balls of the same mass, and therefore the total
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electric field energy Q2 / 2r. , inversely proportional T, , is the largest, as its contribution to

the metric. In the BH theory, the growth of Q under the condition o = const increases

gégz (r) in (12), by weakening gravity and its effects, in particular, it weakens the time dilation.

Time dilation factor for charged sources Dependence of redshift on charge
1.5
0.85
Black hole theory
Neutral source
e e m— — ——— 144 Frozar
r=3r o=
0.801 I3 Ball g
y =189
" Ty 1.5 T
J &0 1+z
1.3
0.75 Frozar B Efaq"
r,=r r,=15 rg
Neutral source
0.704 1.21 BH theory
0102 03 04 05 06 07 08 09 1.0 0102 03 04 0506 07 08 09 10
0 Q

-1/2

Fig. 3. Charge dependence of the time dilation factor Fig. 4. Dependence of redshift 1+ z = g.~2(r)
s 00

Uoo (1) at r=3r, foraball with r, =1.5r, (10),

onchargeat r = 3rg for a ball (13), a frozar (14)
a frozar with r, = r (11) and a BH (12).

and a BH (15).

The gravitational redshift follows from the gravitational dilation of proper times. The
frequency @ (in terms t) of photons, emitted by a source resting at the point (r, &, ) near

the ball or frozar, at receiving by a distant observer, will less than the frequency «, of local

photons emitted near the observer: @ < @, . The redshift factor 1+ 2 = @y, [ @ = 9601/2(1’) for
the ball, frozar and BH is given by the expressions (Fig. 4):

; QZ . -1/2
1+ 2, :{1_?9_W(1—?bj} ' 13)
b
_1/2 -1/2

r 2
1+ Zfroz :& :(1__9j {l_Q_J ’ (14)

w r rgr

o r Q2 172
142y, =—2=|1-24+=| . 15
W [ r rzj 1)

The fact that the BH theory predicts the charge dependences of time dilation and redshifts
opposite to the case of an ordinary ball shows the unphysical nature of these predictions. At the
same time, the predictions of the frozar theory are the same as for a ball, but the electric field
energy is greater due to the smaller radius of the surface and the gravity effects are stronger.

2.3. Radii of orbits of photons and massive particles

The equations of motion in a static gravitational field with a metric of the form (9) and
their solutions for geodesic trajectories, in particular, for several distinguished orbits, expressed

in terms of Iy, , are well known (see [9,14]). The results for the metric with independent
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Fig. 5. Radii of orbits and shadow around a frozar. ~ Fig. 6. Radii of orbits and shadow in the BH theory.

parameters (7) follow from them when I, is replaced by I, according (8). Therefore, we
present only the results for the dependence of the gravity effects on Q .

The formulas for the radii of the photon orbit I, and the innermost stable circular orbit
of a massive particle fg., expressed in terms of I, (see [9,14]), after taking into account the

dependence r,, =r, +Q” /T, take the form:

Moh = 3[r +Q—2J 1+\/1 32Q° , (16)
Iy o(r, +Q? /r)
12Q?
fisco = ( J 2+&+ ( (rg"‘QZ/rg)zj ) (17)
|2 g T
o Te o o

The gravitational radius of a frozar practically does not depend on |Q| ie Iy = const ,

and it follows from the expressions (16)-(19) that the radii I\, and r,s., grow almost as QZ.
The corresponding plots built according to ((16)-(19) are shown in Figs. 5-6.
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2.4. The shadow of charged compact sources

The radius of the shadow of a charged frozar A

C

is given by the expression [9]:

,
Ao == (18)

T O ()

Substituting g, from (7) and r,, from (16), we obtain the shadow radius formula expressed
in terms of the independent parameters:

A =§(r +Q_2).1+\/1‘32Q2 190, +Q° /1"
‘ \/(1_r9 /rph)(l_Qz /rg rph)

g
rg
Thus, A, grows almost as Q2 and the pictures of this dependence are shown in Fig. 5.

The pictures of the previous prediction of the BH theory, presented in Fig. 6, show an inverse
relationship, that the radius of the shadow allegedly decreases with increasing the charge. A
more visual picture of the shadow is shown in Fig. 7.

Q=0 Q=0.5 Q=1

BH theory: ‘ ‘

Fig. 7. Dependence of the shadow on the charge for frozars (top) and BHs (bottom).

(19)

3. Frozar with angular momentum

3.1. A new form of the Kerr metric as a metric with independent parameters

For a rotating source with a mass of matter M and angular momentum J = Mac , where
the rotation parameter a =J / Mc is the angular momentum per unit mass (divided by the
speed of light c), the line element around it takes the form:

ds® = g, C°dt* + g,,dr’ + g,,d 6 + g,.dp” + 2g,,cdtd p, (20)
where t - world time and the metric depend only on I and & . At using the notations

pi(O)=r’+a’cos’d, A=r’—r (a)r+a’, (21)
the standard Kerr metric [6] in the Boyer-Lindquist coordinates [7] takes the form:
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e 2

ds® = (1—9—E2]c2dt2 ~Ldr? - pde? -

yo, A

(22)

rera’ 2r . rac

—£r2+a2+ = sinze]sin29d¢2+ E_—sin’ 6d pdt,
p p

Here I'y (a) is the gravitational radius at the equator, defined by the condition (Fig. 8):

Joo (Fe, 7 /2) =0. (23)

At a — 0, it becomes equal to the gravitational radius at the pole: I'z(0) =y, , which no
longer depends on the rotation parameter a.

-
o** o* o~
+? .. }/‘ '0. .
*
* L / .
o . gP 0 % %
N - . . '
[ ™ - ‘-
L] -
. 7t >:
.
‘t " JE : :
3 % . P
¢ . o @
¢ “
* * *
.. . ‘0 "O
L g
‘a .’.. . “‘:- .
Fig. 8a. Structure of BH with angular momentum. Fig. 8b. Structure of frozar with angular momentum

and the radius-vector of the surface I, .

On the equatorial plane (=7 /2, p2 = r2) (22) is simplified and takes the form:

r 2 r.a’ 2r._ac
ds? = (1—‘~’—chzdt2 —err2 —(rz +a? +LJd¢>2 +—E—dedt, (24)
r r r

where the condition (23), defining the physical meaning of I , is satisfied. At the pole (=0
and p*(0) =r? +a”) (22) takes a simple form:

A r’+a’
ds® = T c’dt® — dr?. (25)
The gravitational radius at the pole I, is defined by the condition:
AP — 2 2
Goo(Mgp, 0) = 2ral 0, Ap=rp—Telp+a”=0. (26)

Dividing the last equality by, we can express Iz interms of I :
2

a
Mg =Tp+—. (27)
I
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As shows (27), I'ye , in addition to I, , also includes the contribution of the rotational

gP
energy proportional to a®, because of which le grows as a’. The modification of the Kerr
metric (22), therefore, is reduced to the replacement of the dependent parameter I' (a) by the

independent one Iy, using (27). At first, we express A in (21) through lp as:

2 r 2
A=ri—|r + & r+a2:r2[1—g—Pj -2 (28)
gP
. r el

and, by inserting into (25), we obtain a line element at the pole with independent parameters:

~ =)
, I Iy a® |, P Iy 1 a’ 2
ds == 1-= || 1-— |c°dt e 1-—=— 1-— dre. (29)
P r rgpr r r rgpr

Here p° =r?+a’ and the role of Iy, as the gravitational radius is clear. Substituting (24)
into (27) then gives a line element at the equator with independent parameters:

-1
r 2 r -1 2

g5 |1 _ & czdtz_(l_g_j I
rorer r Il

a’r, a’ 2ac a’
—(rz +a’ +—9P+—r}d¢)2 + | Ip +— |dedt,

r I’gP r P

(30)

Thus, the weakness of the standard form of the Kerr metric (22) is the fact that one of the
two parameters included in it, Iz , depends on the second, a, in the form (27). To correct this

weakness, as it was shown for the metrics at the pole and the equator, in the general Kerr metric
(22) it is necessary to express I'e through ry, according to (27), which gives:

2
r rgp r r

2 r 2 r 2
ds? = r_{l_g_P_a_(l—g_Pcosz 6?ﬂczdt2 —’%dr2 — p’d@* -
Yo,

31)

2 2 2

ra a” | . . 2rac a | .

—| r*+a*+—| r,+— |sin’ @ [sin’ Odg® + —| r, + — [sin’ O dpdt
P rgP IFgP

with A from (28). This is the Kerr metric with two independent parameters I', and a.

The gravitational radius in the general case Iy at which goo(r, 6) vanishes, is expressed

in terms of independent parameters f, and a as:

2
1 a’ 1 a’ 2 o2
rgg;g[rngrr_]Jr Z{rgPJrr_J —a‘cos’ 4. (32)

gP gP

At the pole, this gives I, , at the equator I, and in general Iy, describes an oblate spheroid

(Fig. 7), to which the surface of a rotating source asymptotically tends at collapse I, —> Iy, .
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At I > 1, the metric (31) has no singularities, and it is clearly seen that an increase in

a reduces g, , and therefore enhances the gravity due to the contribution of the rotational

energy. As a result, gravity effects, such as redshifts, average radii of orbits and shadow, in the
field of a rotating source increase with increasing a . The corresponding formulas and plots are
presented in Sections 3.2 - 3.4.

However, in the BH theory, at studying the dependence of the observable effects on a the

parameter Iy (a) was assumed to be constant Ie =CONSt, and this led to erroneous

consequences that the growth of a, i.e. adding a positive rotational energy, weakens the gravity
of the source and therefore reduces the observable effects of gravity [9,15].

3.2. Proper time dilation and redshifts

In the presence of angular momentum, gravitational time dilation, i.e. deceleration of the

proper time 7 with respect to t at the point (r, &, @) = const, is described by the decreasing

of the interval A7 = At gé{f(r, 6) between two events at this point. According (31) for frozar

and (22) for BH, we have:

9 9 1/2
r I a I
ATy, = At— —g—P——(l—g—"cos2 HJ : (33)
P rorer r
1/2
el
Ay, =At| 1- == (34)

Formula (34) follows from the standard RN metric used in black hole theory, assuming that I'c
isequalto I, at @ =0 and independent on a also at a #0 [9,12].

At the equator (& = 7 / 2) we have, respectively:

r 5 1/2
a
A, =At|1--L——| | (35)
r rgpr
r 1/2
ATy, =At( —QTEJ : (36)

and on the pole (€ =0):

1/2
(I-r,/r)(1-a’/r,r)
Az-froz = At( 9P1+ az / I,2 = ' (37)
rr 1/2
Aty = At (1—#}} . (38)

The plots of the dependence on a of the time dilation factor gégz(r, ) are shown in Fig. 9.
The frequency @ of photons (in terms of t) emitted at point (r, &, ®) near the collapsar
and received by a distant observer is compared with the frequency «, of local photons (emitted

near the observer), which gives @ < @, . The redshift factors 1+ = @, / @ in the cases of
the frozar and BH theories are given by the expressions, respectively:
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-1/2
2 r 2 r
1+2,,=— 1—9—P—a—[1—9—'°c052 9} ,
) r

For a frozar, the Eqg. (39) takes the form at the equator and at the pole, respectively:

2 -1/2
I a
1+Zfroz: 1_9_P__ )
r rgpr

1/2
leqg - 1+a’/r?
A= in@-a’lrr) )

and for BH from (40) the expressions on the equator and pole are, respectively:

r -1/2 rr -1/2
1+ 7, =( —Q—EJ . 141z, =[1—%j :
r r~+a

In Fig. 10 corresponding plots the depending of 1+ Z on a are presented.

0.9 1.74
Pol
__y 16
08 Equator
1.51
— 07 Frozar " 149
J 800 z
1.31
Equator
. —_ﬁ—‘-‘_ﬁ
0.6+ 12 BH Pole
1.14
0.5 i T T T 1.0 — T
0 02 04 0.6 08 1 01 020304050607 080910
a a

(39)

(40)

(41)

(42)

(43)

Fig. 9. Dependence on a of the time dilation factor  Fig. 10. Dependence on @ of the redshift factor

1/2 -1/2

oo (1, 6) at r=3r,. 1+2=0y (r,0) at r=3r,.

. . . . 1,
As in the case of a charge, in the case of a frozar, an increase in @ reduces g,

(r,0),as

can be seen from (39), (41), (42), which is natural, since an increase in the rotational energy of
the source at the same mass of matter enhances gravity outside it, and therefore increases time

dilation and redshifts. However, in the BH theory with the condition Iz = const , the opposite

was claimed, that growth of a increases the factor gé{f

gravity and reducing time dilation and redshifts.

(r,8) in (40) and (43), weakening
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3.3. Radii of orbits of photons and massive particles
The equations of motion and integrals of motion in the standard Kerr metric (22) with a
dependent parameter I (a) are well known, and expressions for the radii of characteristic

orbits are given in [9,14]. To obtain the corresponding expressions for the new form of the Kerr
metric with independent parameters (31) it suffices to make the substitution (27) in all
expressions for the observable effects. For this reason, we present only the results of such a
replacement and the plots of the resulting dependencies on a .

Introducing the notation a. =a/ I;p » We write expression (27) for Iz in the form:
e = e (L+ad). (44)

This gravitational radius at the equator grows as a’ (Figs. 11a,12a).

1 4

[}
L
()

01 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 10
a a

Fig. 11a. Radii of photon orbits in two directions of ~ Fig. 11b. Radii of photon orbits in two directions of
rotation [ and their average Moo for frozar inthe  rotation Mo and their average Moo in the standard

new form of the Kerr metric. Kerr metric for BHs.

The radii of the photon orbit I

ohs 1N two directions of rotation on the orbit, and the average

of these radii I, (where the dragging effect is almost compensated) are (Fig. 11a):

2 2a. 1
Fne = T (L+a?){1+ cos{garccos(ihafﬂ N =§(rph+ +ry, ). (45)

At a=r,/2, a.=1/2, for the upper sign (co-rotation) we have r, =1.13r,

ey for the

lower sign (counter-rotation) I, = 2.39T,

,p» and their average is I, =1.761 . They are

larger than in the BH theory (Fig. 11b): I, =0.51, T,

ohe = 2T and o =1.251,.
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The radii of marginally bound orbits r_, . and r_ , are equal to (Fig. 12a):

2a., 2a, 1
2 — —
Tons = Top (1+a*)[1+1+a3 +,/1+m} Mobo = E(rmb— + by )- (46)

Ata=r,/2,a.=1/2,inthe case of co-rotation I, =r,(3+ JB)/4=131 I, and for

counter-rotation I, =r(7+ 35)/4=343 I, and Io=237T,. These values are

greater than predicted for BHs: 1, =0.5r,, r, =2.91r, and r,,, =1.71r, (Fig. 12b).

g

v
f

L
L

(=)
|

L]
N

1 —

7
¥ gE

01 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 10
a a
Fig. 12a. The radii of the marginally bound orbits Fig. 12b. The radii of the marginally bound orbits

los in two directions of rotation on the orbit and Mo in two directions of rotation on the orbit and

their average 1. for frozar in the new form of the their average r , for BH in the stangard Kerr
Kerr metric. metric.

The radii of the innermost stable circular orbits Iy, are given by (Fig. 13a):

3 3 3 1/2
Mscos =l (1+a7) S+ T’HE - zlj(E +Z,+ 2zzﬂ , 47)
1
fiscoo = E (rISCO— + rISCO+)’ (48)
1 2\1/3 1/3 1/3 2 2 1/2 2a.,
Zl=§{1+(1—b )I@A+b)” +(1-b)""]}, Zz=(Z1 +3b°/4)"7, b:1+af

At a=r,/2, a,=1/2, we have I, =2.25r, (co-rotation), heo, =5.991,
(counter-rotation) and their mean Fgeo, =4.121 . These values are greater than in the BH

theory (Fig. 13b): Nco =0.5Tp , Mo, =49, and Fgeo =297
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3.4. The shadow of a rotating collapsar

From the plots of the previous section, it is clear that in the new form of the Kerr metric
(31), the growth of a, increasing gravity, leads to an increase in the area of the collapsar’s
shadow, while in the previous predictions based on the standard form of the Kerr metric, the
shadow decreased [9,17,18].

This can be seen in the example of the limiting case a = I, /2 (a=M in “geometric
units”), where there is an explicit expression for the shadow contour for a distant observer on
the equatorial plane. The projection of the shadow onto a plane perpendicular to the line
between the observer and the center of the source is given by the formula (see Appendix):

9

L
)

[
L

01 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 10
a a

Fig. 13a. The radii of the lowest stable particle orbits  Fig. 13b. The radii of the lowest stable particle orbits

MNscos and their mean Nscoo for frozar in the new Mscos and their mean Mscoo N the standard Kerr

form of the Kerr metric. metric for BHs.

y(X) = irgE E fz 1 ) (49)

r(x)=1+ f2(1+ X/re), (50)

where the axis Y is directed along the rotation axis of the source, and the axis x lies on the

P \/1+ 32 —4x* Iy

equatorial plane. Taking into account the real dependence of 'y on a according to (27) in this

case gives Iz =5 /4 and the shadow contour formula (49) takes the form:

P |1+3F%—64x°/25r2
y(X) =1, i\/ z, (51)

P -1

r(x) :1+4f2(1+4x/5rgp). (52)
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The plots for (49) and (51) are shown in Fig. 14.
The expressions in the general case, described in [18], are presented in the Appendix by
taking into account (27). Plots of the shadow are shown in Fig. 15.

Fig. 14a. BH shadow contour at g = le /2. Dashed Fig. 14b. Frozar shadow at g = lp / 2. Dashed line

line for @ =0 (shifted for comparison). for @ =0 (shifted as in Fig 14a for comparison).

: . : . . ' . . . ,
-2 0 2 4 6 -2 o 2 H 6
x x

Fig. 15a. Shadow of frozar at @ = (0.25; 0.5)r,,.  Fig. 15b. Shadow of frozar at a = (0.75; 1.0)r, -
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4. Collapsar with angular momentum and charge on the surface

4.1. Modified Kerr-Newman metric with independent parameters

The standard KN metric [8,9] around a compact source with the rotation parameter a and
the charge Q (Fig. 16) follows from the standard Kerr metric (22) at the replacement

2 . - . . ..
el = rgEQr—Q , Where I, turns to the gravitational radius at equator f in the limit
Q =0. The line element with such a metric takes the form:

reor —Q? 2 2a(r ., r —Q?
ds? = 1= e = Joage - P e ey 220 2R Gz i
p Aq p

“( Q%) o
a?(reof —

—|r*+a?+—FE = sin’ @ |sin’ 0dg?,

Yo,
Ag(r)=r*—rr+a’+Q’ (54)

The collapse of a star with angular momentum and a charge on the surface leads to the
formation of a star with a frozen structure (frozar), whose spheroidal surface asymptotically

tends to the gravitational radius Iy, (Fig. 16D).

O
W,

Fig. 16a. The structure of a rotating charged BH.  Fig. 16h. Structure of a frozar with angular momen-

All radii are “areal radii”. tum and the charge at the surface I, .

As in the case of a neutral frozar with angular momentum, the gravitational radius at the
pole 1, | 9-0 = I'yp follows from the condition:
Ag(gp)
Q\'gP 2 2 2
Joo(lp:0)=—=—5=0, Ay(rp)=rp —Teolp +2°+Q°=0. (55)
gP

Dividing the last equality by I, we obtain the expression for Ieq, in terms of I [2]:

2 2
a“+Q
oo =lop +—— (56)
gP
This allows us to write A, (I) in (54) through the independent I :
2 2 2 2
a + r a‘ +
Ag()=r’—|r, FCIRACE PP +Q?=r? [1—9—Pj 1 27
P r rgPr (57)

Substituting this and (56) into (53), we obtain the line element at the pole:
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r’A

=2
ds? :_—ZQCZdt2 —;;drz. (58)

P rAq
where p° = r? +a”. Here the role of I, as the gravitational radius at the pole is clear.
At inserting (56) into (53), the line element at the equator takes the form:

A, —a’ 2 ?
d52=Q—2c2dt2—dL‘(r2+a2+a Kjd‘/’”%cdtd(p, (59)
r AQ r r
a?+Q%(L-r,/r
K:rgp-l- Q E‘ o ) (60)
P

In contrast to (53), it is clearly seen here that an increase in a and Q, which does not affect

onr

40 leads to a decrease in g, , and hence to enhancing the gravity of the source. The

gravitational radius at the equator Iy, | o==12 = Ige We find from the condition:

Ag(re) -2’ a’+Q?
goo(rgp’ﬁlz):QiEf:Q rng_(r9P+r—Q e +Q°=0 (61)
gE gP
which gives:
2
r r: 1 a’+Q’ 1 a’+Q?
ro=-"4 £ _Q*==|r,+ + = rp+ -Q%. (62

Thus, in the standard form of the KN metric (53), one of the three parameters included in

it, I'yeq » depends on the other two parameters a and Q, and to pass to independent parameters,

itis necessary to express Iz through I, according to (56). Substituting (56) into (53), taking
into account (57) and (60), we arrive at a modified KN metric with three independent
parameters a, Q and Iy

2
ds? :[1—¥Jc2dt2 —Z—drz ~pd6? + 22 1K sin? 9 catd g -
p o p )

2
a‘rk
—(rz +a’+

2

P

The gravitational radius Ty, we find from the condition g, (I‘ge ,6) =0, which gives [2]:

sinzejsinzed(pz,

2 2
r —(r +ﬂ]rgg+a2C0329+Q2 =0. (64)
r

96 gP
P
Solving this equation, we express Iy, in terms of independent parameters:

2
l 2 2 l 2 2
Mo == rgp+a Qe rgp+a +Q —a’cos’ 6-Q°. (65)
2 r 4 WP

gP
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At the pole this gives I, , and at the equator it turns to I from (62).

In the general case, I, describes the surface of a frozar as an oblate spheroid (up to a

small correction) where its charge is located. Due to centrifugal forces, the surface charge
density at the equator is higher than at the pole, and this leads to a deformation of the electric
field. The equipotential surfaces will be flattened at the poles and the observational effects of
this fact, including the magnetic effects, will be discussed in more detail in the book [10].

At I > Iy, , the metric (63) is free of singularities, and it is clearly seen that an increase in

a and Q reduces g, and, therefore, enhances the gravity of the source due to the contribution
of the rotational and the electric field energies. Therefore, the radii of orbits and shadows,
redshifts in the field of such a source increase with increasing a and Q .

Previous predictions of BH theory for the dependence of observable effects on changes in
a or Q, made at a constant parameter I'eq » should also be replaced by the new predictions
with correctly taking into account (56).

4.2. Proper time dilation and redshifts

The dilation of the proper time interval Az = At gar’ (1, @) between two eventsata point

(r,8, ) around the source with angular momentum and charge, according to (31), is given by
the expressions for frozar and BH, respectively:

|"K 1/2
ATfroz = At [1-;) . (66)
r r QZ 1/2
ArBHzAt(l—gEQT] . (67)
where K is given by (60). At the equator (6 = 7z / 2) we have:
ro a*+Q°(-r,/r) v
Atg, =At|1--*— 2 , (68)
r Mol
r Q2 1/2
ATBH:Atil—ﬂ+—2j : (69)
r r
and at the pole (6 =0):
At oV a2+
P
ATfroz = (1+a2 / r2)1/2 (1_97j (1_ rr j ! (70)
gP
At I a’+Q°’ -
Aty = 1-£2 4 : 71
Fon (1+a2/r2)1’2[ r r2 j ()

The plots of dependence of g(l)gz(r, 6) on a and Q are shown in Fig. 17.
Photons emitted at the point (I, &8,¢) near the frozar with a frequency @ in terms of t
and received by a distant observer are compared with the frequency @, of local photons
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(emitted near the observer), which gives w<a®,. The redshift factors
1+z=a,/ @=g5(r,0), according to (68)-(70), are given by the expressions:
-1/2
rK
1+z,, = (1— —2] : (72)
o
r r Q2 -1/2
~ 9EQ”
1+z,, = 1——2 (73)
Yo
0.9 0.9

o=n/2

0.8 08

0.71 0.7
/%00 054

/800 06

0.5

0.44 04

Frozar

01 02 03 04 05 06 07 08 09 10 0!]
a

Fig. 17a. Dependence of the time dilation factor

00

T T T T T T T T
02 03 04 05 06 07 08 09 10
a

Fig. 17a. Dependence of the time dilation factor

Qoo (r) on @ in (68)for r=3r, and @=7/2  gg?(r) on @ in (70) for r =3r, and &=0 for

for frozar with r, = I and BH (69).

At the equator & = 7z / 2 we have:

=At|1-2

o a +Q°(l-r,

frozar with 1, = I and BH (71).

r Mol

r Q2 1/2
1+zBH=At[1—%+7j ,

and at the pole 8 =0:

r r

2 1/2 -1/2 2 2
I
1+ mezz[lJra_zj (1_9_Pj 1_ﬂ 1

a2 1/2 r a2 +Q2 -1/2
1+ 2, :(1+—2J [1—£Q+—2j .
r r

r

/ r) 1/2
; (74)
(75)
-1/2
(76)
Mol
(77)

Fig. 18 shows the corresponding plots of the dependence 1+2 on a and Q.
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Thus, an increase in @ and/or Q in the case of frozar reduces gégz(r,ﬁ) , I.e., increases

the gravity of the source, increasing the degree of the proper time dilation and the magnitude
of redshifts. In the BH theory with the condition I, = const, the result is opposite - the

growth a and/or Q increases g(l,ff(r,@) , weakening the gravity of the source, and therefore
reduces the degree of dilation of proper time and the value of redshifts.

3

6=n/2 8=0

Frozar

Frozar

BH

01 02 03 04 05 06 07 08 0% 10 0.‘1 ofz 0f3 014 ofi 0.‘6 017 o_ls 0.‘9 1.0
a a

Fig. 18a. Dependence on a of the redshift Fig. 18b. Dependence on a of the redshift
1+z=9g,%(r) atr =3r,and O=x/2 for 1+z= 9o ?(r) at r =3r, and ¢ =0 for frozar

frozar (74) and BH (75). (76) and BH (77).

5. Conclusion

The metric outside a charged dust ball in the rest frame of its center is static and follows
from Einstein’s equations on hypersurfaces of simultaneity t =const . It was obtained earlier
[11,12] under the assumption that the charge is distributed over the entire volume of the ball.
However, firstly, the mass of the ball depends on the charge and the metric includes a parameter
depending on another parameter, and secondly, in a real ball the charge lies on the surface.

In connection with these complications of the previous model of a ball with a volume
charge, in the article [1] a simpler and more realistic model of a charged ball with a charge on

the surface of radius I, was considered. In this model, the mass M of the matter and its
gravitational radius 1, =2GM / ¢® do not depend on the charge Q . In the resulting metric

with independent parameters I, , I, and Q the contribution of the electric field energy has the

same sign as of the matter and therefore does not weaken, but strengthens gravity around the
ball. As a result, the effects of gravity also increase, in particular, redshifts, radii of orbits and

shadow (when I, less than the radius of the shadow) will increase with growth of Q .

In Einstein’s theory of gravity, the collapse of a dust ball, according to the Oppenheimer-
Snyder solution [15] in terms of t, leads to the formation of a frozar, a star with a gravitationally

frozen structure and with a surface near the gravitational radius of matter I, — I, [10,16]. It
was shown in [1] that the metric for a charged frozar follows from the charged ball metric at
I, = Iy . Inthis case, only two of the three parameters of the ball’s metric in the frozar metric
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will remain two, I', and Q . The observable consequences of the frozar metric are the same

as for the ball, but with 1, =T;.

In [2], the method developed in [1] for reducing the metric to independent parameters was
also applied to sources with angular momentum. The standard form of the metric outside a
rotating source, both neutral (Kerr) and charged (KN), includes three parameters and one of

them, the gravitational radius at the equator I' and I, depends on the other two, a and Q

. In [2], these metrics were reduced to a form with independent parameters, in which Iz and

leqo Was replaced by the gravitational radius of the neutral non-rotating matter Iy,

independent of a and Q.
This made it possible to eliminate the previous non-physical predictions of the BH theory,
that an increase in the rotation parameter a and/or the charge Q weakens gravity around the

source, with a prediction of a weakening of the physical effects of gravity [9,14,17]. Instead,
frozar theory, from which metrics with independent parameters follow naturally, predicts the

opposite, that an increase in a and/or Q, by adding positive rotational and/or electric field

energy, enhances gravity and increases the magnitude of its effects.

In this article, a brief review of the results of articles [1,2] was given and the consequences
for some of the observable effects, in particular, time dilation, redshifts and shadows, were
given. A more detailed study of the consequences of metrics with independent parameters and
their further applications will be presented in the book [10].

Appendix. The shadow of a rotating collapsar

In the Kerr metric, the light-like equations of geodesics are separable and their solution is
simplified by the presence of four constants of motion — the rest mass of a photon (equal to
zero), energy E, angular momentum L, and the Carter constant Q [9,17]. The shadow edge

coordinates (X, y) on the image plane, seen by a distant observer on the equatorial plane, are
related to these constants as [18]:

L JQ
X=——, y=1t-—. 78
R e (78)
For a spherical orbit of a photon of radius r, they satisfy the relations:

Cr+air+(a®-3r')rg, /2
- a(r —r./2)

3r’ +a’ —x’°
:J_r,’—. 80
y 1-a*/r? (80)

Relation (79) is an equation for r :

X : (79)

r’—(Bre, /2)r* +a(a—x)r+3a(a+x)re, /2=0, (81)
which can be solved by Vieta's trigopnometric method. Introducing the notation
4a(a— X 2 4a®
A(X)El_¥’ B(X)E 3/2 {1_ 2 J) (82)
3r9EQ | A( X)| rgEQ

the solution can be written as I(X) = F(X)r, /2 [18], where:
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F(x):1+2\/Kcos(%arccosBj, A>0, B<1, (83)
F(x)=1+2ﬁcosh(%ln(\/82—1+ B)J, A>0, B>1  (84)
F(x) =1 inf L 7.1

F(x) =1 2\/Wsmh[3ln(x/8 1 B)j, A<O0. (85)

To obtain the edge of the shadow for given X, we calculate r(x) from (83)-(85), then express
Feo through ry asin (56) and, substituting the result into (80), find y(x).
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